TRIANGULAR DECOMPOSITION OF RIGHT COIDEAL 

SUB ALGEBRAS 



V.K. KHARCHENKO 
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Abstract. Let g be a Kac-Moody algebra. We show that every ho- 
mogeneous right coideal subalgebra U of the multiparameter version of 
the quantized universal enveloping algebra U q (g), q m =fi 1 containing 
all group-like elements has a triangular decomposition U = U~ ®k[F] 
k[ff] ®k[G] U + , where U~ and U + are right coideal subalgebras of 
negative and positive quantum Borel subalgebras. However if Ui and 
U2 are arbitrary right coideal subalgebras of respectively positive and 
negative quantum Borel subalgebras, then the triangular composition 
U2 ®k[F] k[H] ®k[G] U\ is a right coideal but not necessary a subalgebra. 
Using a recent combinatorial classification of right coideal subalgebras 
of the quantum Borel algebra U q (s02n+i), we find a necessary condi- 
tion for the triangular composition to be a right coideal subalgebra of 

U q (S02n+\)- 

If q has a finite multiplicative order t > 4, similar results remain 
valid for homogeneous right coideal subalgebras of the multiparameter 
version of the small Lusztig quantum groups u q ($), u q (s02n+i). 



1. Introduction 

It is well-known that the quantized universal enveloping algebras U q (g) of the 
Kac-Moody algebras have so called triangular decomposition. In this paper we are 
studying when a right coideal subalgebra of U q (g) also has the triangular decompo- 
sition. In fact the triangular decomposition holds not only for U q (g), but also for a 
large class of character Hopf algebras 21 having positive and negative skew-primitive 
generators connected by relations of the type XiX~ —pjixjxi = <5|(1 — gifi), see 
Proposition 3.4]. In Theorem 13.21 we show that a right coideal subalgebra U 
of 21 containing all group-like elements has a required triangular decomposition 
provided that U is homogeneous with respect to the degree function D under the 
identification D(x^) = —D{xi). Interestingly if 21 = U q (g), q* ^ 1 with g denned 
by a Cartan matrix of finite type then each subalgebra containing all group-like 
elements is homogeneous with respect to the above degree function, Corollary 
3.3]. Hence in Corollary 13. 3[ applying a recent Hcckcnberger — Schneider theorem, 
[U Theorem 7.3], we see that for a semisimple complex Lie algebra g the quantized 
universal enveloping algebra U q (g), q* ^ 1 has not more then jM^I 2 different right 
coideal subalgebras containing the coradical. Here W is the Weyl group of g. 
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We should stress that when U run through the sets of right coideal subalgebras 
of the quantum Borel subalgebras, the triangular composition U~ ®k[_F] k[£T] ®k[G] 
U + is a right coideal but not always a subalgebra. For example, in [7] there are 
given the numbers C n of pairs that define right coideal subalgebras of U q (g) when 
g = sZ„ + i is the simple Lie algebra of type A n . Using these numbers we can find 
the probabilities p n for a pair U~ , U + to define a right coideal subalgebra of U q (o), 
Q = sl n +i' 

p 2 = 72.3%; p 3 = 43.8%; p A = 23.4%; p 5 = 11.4%; p 6 = 5.1%; p 7 = 2.2%. 

If q is the simple Lie algebra of type G2 then the probability equals 60/144 = 41.7%, 
see B. Pogorelsky [<2[T0]. 

The next goal of the paper is to prove a necessary condition for two right coideal 
subalgebras of the quantum Borel subalgebras to define by means of the triangu- 
lar composition a right coideal subalgebra of U q (g) (respectively of u q (g)) when 
= so2„+i is the simple Lie algebra of type B n . In the fourth and fifth sections 
we follow the classification given in [6] to recall the basic properties of right coideal 
subalgebras of quantum Borel algebras (so2 n +i) ■ In particular we lead out the 
following "integrability" condition: if all partial derivatives of a homogeneous poly- 
nomial / in positive generators of an admissible degree belong to a right coideal 
subalgebra U 3 G of £/+(sc>2„+i) then / itself belongs to U, see Corollary 15. 31 

In Section 6 we introduce the elements $ s (fc, m) defined by the sets S C [1, 2n] 
and the ordered pairs of indices 1 < k < m < 2n, see (16.1[) . We display the 
element $ s (fc, m) schematically as a sequence of black and white points labeled by 
the numbers k— 1, k, k + 1, . . . m— 1, m, where the first point is always white, and 
the last one is always black, while an intermediate point labeled by i is black if and 
only if i £ S : 

. fc— 1 ft fc+l fe+2 fe+3 m— 2 m-1 m 

(1.1J OOO • o • o •. 

These elements are very important since every right coideal subalgebra U ~D G 
of the quantum Borel algebra is generated as an algebra by G and the elements 
of that form, see [6J Corollary 5.7]. Moreover U is uniquely defined by its root 
sequence 9 = (81,82, ■ ■ ■ ,8 n ). The root sequence satisfies < < In — 2i + 1, 
and each sequence satisfying these conditions is a root sequence for some U. There 
exists a constructive algorithm that allows one to find the generators <j> s (fc, m) if 
the sequence 8 is given, see [6j Definition 10.1 and Eq. (10.6)]. In particular one 
may construct all schemes (jl.ip for the generators. 

The minimal generators $ s (fc, m) (the generators that do not belong to the 
subalgebra generated by the other generators of that form) satisfy important du- 
ality relation $ s (fc, m) = a^> R (il>(m),ip(k)), a ^ 0, where by definition ip(i) = 
2n — i + 1, while R is the complement of {ip(s) — 1 1 s £ S} with respect to the 
interval [ip(m),'ip(k)), see Proposition 16.51 In particular to every minimal gener- 
ator $ s (fc,m) correspond two essentially different schemes (|l.lj) . Respectively, if 
$ (k,m) and <$>^(i,j) are minimal generators for given right coideal subalgebras 
U\ C J7+(so2n+i) and U2 C J7^(so2„+i) then we have four different diagrams of 
the form 

i — l i i+1 m j 

• • O • 

o o • • • • • • • • • 



(1.2) 



fe-1 

b : o 
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In Theorem [72] we prove the main result of the paper: If the triangular composition 
U2 <8>k[F] k[iT] ®k[G] U\ is a subalgebra then for each pair of minimal generators one 
of the following two options is fulfilled: 

a) no one of the possible four diagrams (|1.2[) has fragments of the form 

t s 
o ■ • • • 

o ■ • • • 

b) one of the possible four diagrams (| 1 . 2|) has the form 

k — l m 
o ••• o ••• • ••• • 

o ••• • ••• o ••• • 

where no one of the intermediate columns has points of the same color. 

Certainly U q {sl n ) is a Hopf subalgebra of U q {so 2n +i)- If we apply the found 
condition to right coideal subalgebras of U q (sl n ), we get precisely the necessary and 
sufficient condition given in [7J Theorem 11.1]. Hence we have a reason to believe 
that the found necessary condition is also sufficient for the triangular composition 
to define a right coideal subalgebra of U q (so2n+i)- 

Finally we would like to stress that right coideal subalgebras that do not ad- 
mit the triangular decomposition (inhomogeneous or not including the coradical) 
are also of interest due to their relations with quantum symmetric pairs, quan- 
tum Harish-Chandra modules, and quantum symmetric spaces. Many of the (left) 
coideal subalgebras studied by M. Noumi and G. Letzter, see the survey [5], do not 
admit a triangular decomposition. 

2. Bracket technique 

Let X — {xi,X2, ■ ■ ■ ,x n } be quantum variables; that is, associated with each 
letter Xi are an element gi of a fixed Abelian group G and a character x % '■ G — > k* . 
For every word w in X let g w or gr(iu) denote an element of G that appears from w 
by replacing each x< with g^. In the same way x w denotes a character that appears 
from w by replacing each Xi with x % ■ 

Let G(X) denote the skew group algebra generated by G and k(X) with the 
commutation rules Xig — X l (9)9 x i; or equivalently wg = X w (g)9 w J where w is an 
arbitrary word in X. Certainly G(X) is spanned by the products gw, where g G G 
and w runs through the set of words in X. 

The algebra G(X) has natural gradings by the group G and by the group G* of 
characters. More precisely the basis element gw belongs to the ggr(it;)-homogeneous 
component with repect to the grading by G and it belongs to the x^-homogeneous 
component with respect to the grading by G* . 

Let u be a homogeneous element with respect to the grading by G* , and v 
be a homogeneous element with respect to the grading by G. We define a skew 
commutator by the formula 

(2.1) [u,v] = uv - x a (9v)vu, 

where u belongs to the x"-h° m °g eneous component, while v belongs to the g v - 
homogeneous component. Sometimes for short we use the notation x u (9v) = Puv — 
p(u, v). Of course p(u, v) is a bimultiplicative map: 



(2.2) p(u, v)p(u, t) = p(u, vt), p(u, v)p(t, v) = p(ut, v). 
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In particular the form p(— , — ) is completely defined by the quantification matrix 
\\pij\\, where p^ = x % (9j)- 

The brackets satisfy the following Jacobi identities for homogeneous (with respect 
to the both gradings) elements: 

(2.3) [[u,v],w] = [u, [v,w]} +p~l[[u,w],v] + (p vw -p~l)[u,w] ■ v. 

(2.4) [[u,v],w] = [u, [v,w]} -p~u[v, [u,w]} + {p~u -p uv )v ■ [u,w]. 

These identities can be easily verified by direct computations using (|2.1I) . (|2.2[) . In 
particular the following conditional identities are valid (both in G(X) and in all of 
its homomorphic images) 

(2.5) [[u, v], w] = [u, [v,w\], provided that [u,w] = 0. 

(2.6) [u, [v, w]} = p uv [v, [u, w]], provided that [u, v] = and p uv p vu = 1. 

By an evident induction on the length these conditional identities admit the fol- 
lowing generalization, see [7J Lemma 2.2]. 

Lemma 2.1. Let y%, j/2, ■ • ■ , Vm be linear combinations of words homogeneous in 
each Xk £ X. If [yi,yj] = 0, 1 < i < j — 1 < m, then the bracketed polynomial 
[yiV2 ■ ■ ■ Vm] is independent of the precise alignment of brackets: 

(2-7) [yiJ/2 • --Vm] = [[2/12/2 • ■ -Vs], [Vs+iVs+2 ■ --Vm]], 1 < s < m. 

The brackets are related to the product by the following ad-identities 

(2.8) [u ■ v,w] = p vw [u, w] ■ v + u ■ [v, w] , 

(2.9) [u, v ■ w] — [u, v] ■ w + p uv v ■ [u,w]. 
In particular, if [u,w] — 0, we have 

(2.10) [u ■ v, w] = u ■ [v, w] . 
The antisymmetry identity takes the form 

(2.11) [u, v] = -p uv [v, u] provided that p U vVvu = !• 
Further we have 

(2.12) [u,gv] =u-gv-x u (ggv)gv-u = x u (g)g[u,v], geG; 

(2.13) [gu, v]= gu-v- x a {gv)v ■ gu = g{uv - p U vX v (g) w), 
or in a bracket form 

(2.14) [gu,v] = g[u,v] +p uv (l - x v (g))9 v ■ u, geG. 

(2.15) [gu,v]= x v (g)g[u,v] + (i~x v (g))gu-v, geG, 

Quantization of variables. Let p^, 1 < i,j < n be a set of parameters, ^ p^ £ 
k. Let gj be the linear transformation gj : Xi — > PijXi of the linear space spanned 
by a set of variables X = {xi, X2, ■ • ■ , x n }. Let x l denote a character x l '■ gj Pij 
of the group G generated by gi, 1 < i < n. We may consider each Xi as a quantum 
variable with parameters gi, x l - 
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Algebra $ n . Let X~ — {x^[ ,x% , . . . ,x~} be a new set of variables. We consider 
X~ as a set of quantum variables quantized by the parameters , 1 < i, j ' < n. 
More precisely we have an Abelian group i* 1 generated by elements /i, /2, • • • , /« 
acting on the linear space spanned by X~ so that (x~)f j = pj^x^ , where Pij are 
the same parameters that define the quantization of the variables X. In this case 
gr(X r ) = fi, X Xi ifj) ^Pji 1 - 

We may extend the characters \ % on G x F in the following way 

(2-16) X*(/i)^Pii = ^(ft). 

Indeed, if = 1 in F, then application to x~ implies YlkPk™ h = 1, hence 

Y'(ll,./r> ik: i- 

In the same way we may extend the characters x x * on G x F so that 

(2.17) x** = (x 1 )" 1 as characters of G x F. 

In what follows H denotes a quotient group (G x F) /iV, where N is an arbitrary 
subgroup with x l (N) = 1, 1 < i < n. For example, if the quantification parameters 
satisfy additional symmetry conditions p^ = pji, 1 < i,j < n, (as this is a case for 
the original Drinfeld-Jimbo and Lusztig quantifications) then xHfffc" 1 fk) = P^±Pki = 
1, and we may take N to be the subgroup generated by g^ 1 fk, 1 < < n. In this 
particular case the groups H, G, F may be identified. 

In the general case without loss of generality we may suppose that G, F C H. 
Certainly x 4 , 1 < i < n are characters of H and H still acts on the space spanned 
by X (J X~ by means of these characters and their inverses. 

We define the algebra SVs a s a quotient of H(X U X~) by the following relations 

(2.18) [x i ,xj} = Sl(l-g i f i ), l<i,j<n, 

where the brackets are defined on H(X L) X~) by the above quantization of the 
variables X UX"; that is, [xi,xj] — XixJ — pjixjxi, for x*{fj) = Pji- 

We go ahead with a number of useful notes for calculation of the skew commu- 
tators in If u is a word in X, then u~ denotes a word in X" that appears 
from u under the substitution Xi <r- x~ . We have p(v,w~) = x"(fw) — p( w -, v )i 
while p(w~,v) = {x w ) (9v) — piw^v)^ 1 . Thus p(v, w~)p(w~, v) — 1. Therefore 
the Jacobi and antisymmetry identities (see, (I2.3[) . (|2.11[1 ) take up their original 
"colored" form: 

(2.19) [[u,u],wT~] = [u, [v, w~]] + p wv [[u,w~],v}; 

(2.20) [u-,w]=-p^[w,u-]. 
In the same way 

(2.21) [[u - ,v~],u>] = [u~, [v~,w]] +p~*[[u~,w] ) v~]. 
Using (|2.4|) we have also 

(2.22) [u, [v~, w~]\ = [[u, v~], w~] +Pvu[v~, [u, w~]]. 
If we put w~ <— [w~,t~] in (|2.19[) we have 

[[u,v], [w~,t~]} = [u, [v, [w~,t~]}} +p wt , v [[u, [w~,t~]],v]. 
Using (|2~2"2l we get 

[[u,v], [w~,t~]] = [u, [[v,w~],t~]] +p w . v [u, [w~, [v,t~]]] 
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(2.23) +Pwt,v[[u, [w~,t~]],v]. 
Using once more ()2.22j) we get 

[[«,«] j [W~,t~]} = [u, [[v,W~],t~]] +Pw,v[u, [w~, [V,t~]]] 

(2.24) +Pwt,v[[[u,w~],t~],v] +p w t,vPiv,u[b v ~, [u, t~]],v] . 

We must stress that relations (|2.18[) are homogeneous with respect to the grading 
by the character group H*, but they are not homogeneous with respect to the 
grading by H. Therefore once we apply relations (|2.18[) , or other "inhomogeneous 
in H" relations, we have to develop the bracket to its explicit form as soon as the 
inhomogeneous substitution applies to the right factor of the bracket. For example 
we have 

(2.25) [u,[x llX r}} = u(l - gj,) ~ X u (gJ l )(l - gj^u ^ (1 - X u (g l f l ))u, 

but not [it, [xi,x^]] = [u, 1 — Qifi] = [it, 1] — [u,gifi] = 0. In fact here the bracket 
[it, 1— g%fi] is undefined since the right factor 1 — gifi is inhomogeneous in H (unless 
9ifi — 1)- At the same time 

(2.26) [[xi,Xi],u] = (1 -gifi)u-u{\ - g l f l ) = (x u (9ifi) ~ l)9ifi -u, 

and [[xi, xj], u] = [1 — 9ifi,u] = [l,u] — [gifi,u] is valid since the inhomogeneous 
substitution has been applied to the left factor in the brackets. 

Lemma 2.2. Let Xi, X 2 be subsets of X. Suppose that u is a word in X\ and v is 
a word in X 2 . If Xi PI X2 = 0, then in the algebra $ n we have [u,v~] = 0. 

Proof. Defining relations (|2.18l) imply [ai^asT] = 0, Xi £ X\, Xj € X 2 . Ad-identities 
(|2.8p and (|2.9[) with evident induction prove the statement. □ 

Lemma 2.3. In the algebra 3n for any pair with 1 < i,j < n, i 7^ j we have 

[[xi,Xj], [xj,xr]\ = (1 -pijPji)(l -9i9jfifj). 

Proof. Without loss of generality we may assume i = 1, j = 2. Since [xi,acj] = 

[#2,2;^] = 0, identity (|2.24|) implies 

(2.27) 

[[xi,x 2 ], [x% ,Xi]] = [an, [[x 2 , xj ], x7/]]] + p(x 2 x 1: x 2 )p(x 2 , Xi)[[x 2 , [an, x^]], x 2 ]. 
Using (|2~2^)1 and then (j2~T2")l we get 

[an, [[^2, 3=2 ]>%]]] = ((x 1 r 1 (92f 2 )-l)x 1 (92f 2 )g 2 f 2 [xi,Xi] = (1-^12^21)52/2(1-31/1)- 
Taking into account (|2.25[) . we have 

[% 2 , [xi,Xi]] = (1 - (x 2 ) _1 (3i/i))^ = (1 -P 2 iPl 2 )x 2 - 
Antisymmetry relation (|2.20[) implies [at J, 3:2] — — P 22 [x 2 , x%]. Hence 

[[x 2 , [xi,Xi]],x 2 ] = (1 - P 2 iPi 2 ){-p 22 ){l -52/2). 
In (|2.27p we have p(x 2 x\, x 2 )p{x 2 , an) = p 22 pi 2 p 2 i, hence 

[[xi,x 2 ], [x 2 ,«r]] = (! ~Pi2P2i){g 2 f 2 - 3132/1/2 + 1 - 32/2), 
which is required. □ 
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Lemma 2.4. In the algebra $ n for any pair with 1 < i,j < n, i ^= j we have 

[[[x^xj^Xj], [xj,[xj,xr]]] = e(l- g^fiff), 
where e = (1+Pjj)(l /',,/';,/', , i. 

Proof. Again, without loss of generality we may assume i — 1, j = 2. Let us 
put u <— [£1,2:2], v <— X2, w~ <— x% , t~~ ^— [x 2) x^] in (|2.24j) . We have [v, w~] = 
[x2,Xz] = 1-52/2- By means of (|2.26p we get [[«, to - ],*-] = (x* (52/2) -1)52/2 
Here x* (.92/2) = P22P12P21 ■ Using first (|2.12[) and then Lemma T2. 31 we get 

(2-28) [«,[[«,«;-],«-]] =£132/2(1-51.92/1/2), 

where 

£ 1 = (P22Pl2P21 - 1 )x"(ff2/2)(l -Pl2P2l) = (1 -JP12P21P| 2 )(1 -Pl2P2l)- 

Further, = [2:2, [x 2 ,x± ]]. By (|2.5I) we have [ 

"]] = 

Hence (225) implies [«,t~] = ((x 1 )" 1 ^)-!^^. By (232]) we get [«;",[«,*-]] = 
P22 (P12 P21 ~ 1)52/2 ' [^2*)*r]- Using first (|2.12[) and then Lemma T2. 31 we get 

(2-29) p w , v [u,[w~,[v,t~}}} =£252/2(1-5152/1/2), 

where 

£2 = P22 ■ P22(PuP21 - !) ■ X n (.92./2) ' (1 - Pl2P2l) = P22(l - P\2P2lf ■ 

In the same way [u, w~] — [[xi, x 2 ], x%] = (1 — X (52/2)) • X\ due to (|2.5[) and 
(j!l2"5l) . Further [[u,io~],t - ] = (1 - pi 2 P2i)[^i, [xa, Xi]]< Using (j2T2"2"j) we have 
[xi, [x% , Xi\\ — P2i[%2 , x^]]. Hence (|2.25[) allows us to find = 
(1 - J3i2P2i)p2i(l -P21P12 1 ) ' x 2- Tnis implies 

[[[u,W~],r],v] = (1 -pi2P2l){P21 -P12)[X2,X2]. 

Since [x% ,x%] = -p 22 i x 2, x 2 ], and [x 2 ,x 2 ] = 1 - 52/2, we get 
(2-30) p w t,v[[[u,w~], t~],v] = £ 3 (1 - 52/2), 

where 

£3 =P22P12 ■ (1 ~Pl2P2l)(P21 -Pl2 l ) ' {-P22) = ?2- 

Finally, by Lemma l2.3l we have [u,t~ ] = (1 — f>i2f>2i)(l — 5152/1/2)- If we apply 
(|2.25p withxj <- u, xT <- t~, then [w~,[u,t-]] = (l-pi 2 152i)(l-(x 2 ) _1 (.9i52/i/2))- 
x 2 . Hence 

{{VJ- ,{u,r]],V-} = (l-pi2P2l)(l-P2£puP2l)[ x <2, x 2\- 

Here [x 2 ,x 2 ] = -p^ii 1 ~ 52/2)- Since p wt ,vPw.u = P22P12P21P22, we may write 

(2.31) Pwt,vPw,u[[ w ~ '■> [u>t~]],v~] = £4 (1 - 52/2), 

where 

£4 = PI2P12P21P22 ■ (1 - P12P21XI - P22P12P21) ■ (-P22 1 ) = £ i- 

Now we see that the sum of (|2.28p and (|2.31[) equals e\ (1— gigf/i/l ): while the sum 
of (|2.29[) and (|2.30[) equals £2 (1— 5i5i/i/f )• It remains to check that £i+£2 = £■ □ 
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The algebra $ n has a structure of Hopf algebra with the following coproduct: 

(2.32) A(xi) = Xi ® 1 +9i ®Xi, A{xT) = xj ® 1 + f t ®x~ . 

(2.33) A(g i )=g i ®g i , A(f i )=f i ®f i . 

In this case G(X) and F(X~) are Hopf subalgebras of $ n . 
The free algebra k(X) has a coordinate differential calculus 

(2.34) a i (x j ) = S(, d i (uv) = d i (u)-v + X u (9i)u-d i (v). 

The partial derivatives connect the calculus with the coproduct on G{X) via 

(2.35) A(u)=u®l + ^2gidi(u)®Xi (mod G(X) <g> k(X) (2) ), 

i 

for all u £ k(X). Here k(X)( 2 ) is the ideal of k(X) generated by XiXj, 1 < i, j < n. 
Symmetrically the equation 

(2.36) A(«) =g u ®u + Y J 9ugi 1 Xi®d;(u) (mod G{X) {2) g> k(X)) 

i 

defines a dual differential calculus on k{X) where the partial derivatives satisfy 

(2.37) d*(x i ) = 5{, d*(uv)= X i (9v)d*(u)-v + u-d*(v). 

Here G(X}^ is the ideal of G(X) generated by XiXj, 1 < i,j < n. 
Similarly the algebra k(X~) has a pair of differential calculi: 

(2.38) d- i (xj) = 8 s i , d-i(u-v-) = d^(u-)-v- + X u ~{fi)u- -d-i(v-), 

(2.39) er_ s {xr) = s>, ouiu-v-) = (xVv))- 1 ^-) -V-+U-- dU{v~). 

These calculi are related to the coproduct by the similar formulae 

(2.40) A(u~) Eu-®l+^/ i a. i (u-)®i: (mod F(X~) ®k(X~) (2) ), 

i 

(2.41) A{u-) = f u ®u- +J2fuf~ 1 x7 ®d*_ t (u-) (modF(X-)( 2 )®k(X-)). 

i 

It will be important for us that operators [xi,— ] and [— ,x^~] defined respectively 
on k{X~) and k(X) have a nice differential form (see [7J Remark, page 2586]): 

(2.42) [ Xi ,u-] =dl z (u-)p(x l ,u-)p^ 1 - gifid-i(u-), u~ e k(X~), 

(2.43) [u,xr] = dt{u)- P r^p{u,x i )d i {u)g i f i , u e k(X). 

These relations are clear if u = Xj, or u~ = xj while ad-identities (|2.8[) and (|2.9[) 
with Leibniz rules (|2.34[ 12.371 12.381 12.39|) allow one to perform evident induction. 
Quantification of Kac-Moody algebras. Let C = ||oy|| be a symmetrizable 
by -D = diag(cii, ...d n ) generalized Cartan matrix, d Let q be a Kac- 

Moody algebra defined by C, see [2]. Suppose that the quantification parameters 
Pij = p(xi, Xj) — X l (9j) are related by 

(2.44) p li =q d % PijPji = q diaii , l<*,J<n. 

As above c/,- denotes a linear transformation : xi — > PijXi of the linear space 
spanned by a set of variables X — {x%, X2, • ■ ■ , x n }. Let x l denote a character 
X 1 ■ gj —> Pij of the group G generated by gi, 1 < i < n. We consider each Xi as 
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a quantum variable with parameters gi, x 1 ■ Respectively $ n is the above defined 
algebra related to quantum variables X, and X~ = {x± ,x% , ■ ■ ■ ,x~}, where by 
definition grfor) = f u x*7 = (xT\ see dUTTJ), (HE)- 

In this case the multiparameter quantization U q (g) of g is a quotient of H(X U 
X~) defined by Serre relations with the skew brackets in place of the Lie operation: 

(2.45) [...[[xi,Xj],Xj],...,Xj]=0, l<i^j<n; 

s v ' 

i-aji times 

(2.46) [...[[xr,xJ],xJ],...,xJ]=Q 1 1 < i ± j < n; 

" v ' 

i-aji times 

(2.47) [ Xi ,xj] = 6{(1 - gift), l<i,j<n, 

where the brackets are defined on H(X U X~) by f|2.1[) . Certainly relations (|2.47p 
coincide with (|2.18|) . Hence U q (g) is a homomorphic image of $ n . The algebra U q (g) 
has a structure of Hopf algebra with the coproduct (|2.32p . (|2.33|) : that is, the above 
homomorphism is a homomorphism of Hopf algebras. 

If the multiplicative order t of q is finite then the multiparameter version of the 
small Lusztig quantum group is defined as the homomorphic image of U q (g) subject 
to additional relations u = 0,u 6 A, u~ = 0,u~ G A~, where A is the biggest Hopf 
ideal of G(X) that is contained in the ideal G(X}^ generated by XiXj, 1 < i,j < n. 
Respectively A~ is the biggest Hopf ideal of F(X~) that is contained in the ideal 
F(X~)( 2 *> generated by x~xj , 1 < i,j < n. 

Mirror generators. Of course there is no essential difference between positive 
and negative quantum Borel subalgebras. More precisely, let us put yi = p^x^ , 
y^ = —Xi- Consider yi as a quantum variable with parameters {x 1 )^ 1 , while y~ 
as a quantum variable with parameters gi, x*. Relations (|2.45l - [2.47j) are invariant 

under the substitution Xi <— Vii' x i > x i i x i- Hence yi, y~ with H generate a 

subalgebra which can be identified with the quantification U q -i(g). At the same 
time this subalgebra coincides with U q (g). In this way one may replace positive 
and negative quantum Borel subalgebras. We shall call the generators yi = x^~, 
y^ = —Xi as mirror generators. 

Antipode. Recall that the antipode a by definition satisfies ■ aiaS 2 ') = 

X>(a«) • = e (o). Hence (12321 implies a(x t ) = -g^ X x u a{ X r) = -f^x~. 
In particular if it is a word in X U X~ , then g u o~(u) is proportional to a word in 
X U X~ , for a is an antiautomorphism: a(ab) — a(b)a(a). Moreover, if u,v are 
linear combinations of words homogeneous in each y G IUI", then we have 

(2-48) g u g v cr([u,v}) = p^[g v a(v), g u a(u)}. 

Indeed, the left hand side equals g u gv(o~(v)o~(u) — p uv o~{u)o~{v)), while the right 
hand side is p~^g v a(v)g u a(u) - g u a(u)g v a(v). We ha ve g v a(v)-g u = p vu g u - g v cr{v), 
and g u o~(u) ■ g v = p uv gv • gv,o~(u). This implies (|2.48|) . 

L-Grading and L + © L _ -filtration. We are reminded that constitution of a word 
u in H U X U X~ is a family of nonnegative integers {m y ,y G such 
that u has m y occurrences of y. Let L + denote the free additive (commutative) 
monoid generated by X, while by L~ the free additive monoid generated by X~. 
Respectively L + ©L~ is the free additive monoid generated by IUI", while L by 
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definition is the free commutative group generated by X U X with identification 
xj = —Xi, 1 < i < n. We fix the following order on X U X~ : 

(2.49) x\ > X2 > ■ ■ ■ > x n > x^ > x 2 > ■ ■ . > x~. 

The monoid T + © T~ is a completely ordered monoid with respect to the order 

(2.50) miy H + m 2 yi 2 + . . . + m k y ik > m^y^ + m' 2 y i2 + . . . + m' k y ik 

if the first from the left nonzero number in (m\ — m\, m 2 — m' 2 , . . . , — m' k ) is 
positive, where y ix > y i2 > . . . > y ik in X U X~. 

We associate a formal degree D(u) = Tly^xux- m yy G T + © T~ to a word 
11 in X U X~, where {m y ,y e X U X~} is the constitution of u. Respectively, if 
/ = X] a i u i € H(XUX~), ^ «j e k[iJ] is a linear combination of different words, 
then £>(/) = maxi{Z?(ui)}. This degree function defines a grading by T + © T~ on 
H(X U -X' - ). However relations (|2.47j) . ()2.f 8|) are not homogeneous with respect 
to this grading. Hence neither $ n nor U q (g), u q (g), are graded by T + © T~ , but 
certainly they have a filtration defined by the induced degree function. 

Relations (|2.47p . (|2 . 18[) became homogeneous if we consider the degree D(u) as 
an element of the group T with identifications x~l = — Xj. Hence £^(0), and 
itg(fl) have grading by T (are T-homogeneous) . 

3. Triangular decomposition 
It is well-known that there is so called triangular decomposition 
(3-1) U q (g) = U-(q) ® k[F] k[H] ® k[G] f/+( fl ), 

where C^(fl) is the positive quantum Borel subalgebra, the subalgebra generated 
by G and values of Xi, 1 < i < n, while U~(q) is the negative quantum Borel 
subalgebra, the subalgebra generated by i 7, and values of x~, 1 < i < n. 
The small Lusztig quantum group has the triangular decomposition also 

(3.2) u q (a) = u~(i) <g) k [F] k[F] ®k[G] (fl)< 

In fact the triangular decomposition holds not only for the quantizations defined 
by the quantum Serre relations but also for arbitrary Hopf homomorphic images of 
$ n . More precisely we have the following statement. 

Theorem 3.1. ([7J Proposition 3.4]). The algebra 21 = ($ n \ \ui — 0, — 0) has 

the triangular decomposition 

(3.3) 21 = 1 1 wt = 0) ® k[F] k[H] ® k[G] (5+ 1 | u» = 0) 

provided that ($~ \ \ = 0) and | ui = 0} are Hopf algebras, andui, I € £, u^~, 
t £ T are homogeneous polynomials respectively in Xi, 1 < i < n and x~ , 1 < i < n 
0/ ioiaZ degree > 1. 

Our goal in this section is to find conditions when a right coideal subalgebra of 
21 has a triangular decomposition. 

Theorem 3.2. Lei 21 fee i/ie -ffop/ algebra defined in the above theorem. Every 
T -homogeneous right coideal subalgebra U D H of % has a decomposition 

(3.4) U=U~ ® k[F] k[H] ® k[G] U+, 

where U~ D F and U + D G are homogeneous right coideal subalgebras respectively 
of (3n II = 0) and (#+ || ui = 0). 
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Proof. By [5j Theorem 1.1] the algebra U has a PBW-basis over the coradical 
k[iJ]. We shall prove that the PBW-basis can be constructed in such a way that 
each PBW-generator for U belongs to either positive or negative component of 
(|3.3[) . By definition of PBW-basis (see, for example [3 Section 2]) this implies the 
required decomposition of U. 

Recall that the PBW-basis of U is constructed in the following way, see 
Section 4]. First, we fix a PBW-basis of 21 defined by the hard super-letters [3]. 
Due to the triangular decomposition (|3.3[) the PBW-generators for 21 belong to 
either 21 + = (#+ || u t = 0) or 21 ~ = (#~ || — 0). Then, for each PBW-generator 
(hard super- letter) [u] we fix an arbitrary element c u £ U with minimal possible s, 
if any, such that 

(3.5) c u = [u] s + a t W % R t + fo V J e U > a i e k > ft e 

j 

where Wi are basis words in less than [u] super-letters, Ri are basis words in greater 
than or equal to [u] super-letters, D(Wi Ri) — sD(u), D(Vj) < sD(u). Next, Propo- 
sition 4.4 [5] implies that the set of all chosen c u form a set of PBW-generators for 
U. Since U is T-homogeneous, we may choose c u to be T-homogeneous as well. 

Wc stress that the leading terms here are defined by the degree function with 
values in the additive monoid r + © T~ freely generated by X U X~ , but not in the 
group T, see the last subsection of Section 2. Equality D(WiRi) — sD(u) implies 
that all WiRi in (|3.5p have the same constitution in AUA~ as the leading term [u] s 
does. Thus all WiRi's and the leading term [u] s belong to the same component of 
the triangular decomposition. Hence it remains to show that if c u is T-homogeneous 
then there are no terms Vj. In this case all terms Vj have the same T-degree and 
smaller T + © r~-degree. We shall prove that this is impossible. 

If [u] 6 2l~ then sD(u) = ra\x^ +m2X 2 " + . . . + m n x~, while the T + ©r~-degree 
of Vj should be less than m\x^ + m^x^ + . . . + m n x~. Hence due to definitions 
(|2.49l) and (|2 .50[) we have Vj € 2l~ . In particular the T-degree of Vj coincides with 
the P + © r~-degree, a contradiction. 

Suppose that [u] G 2l + . In this case sD(u) = vn\X\ + 1122X2 + . . . + m n x n . Let 
d = 52i< n SiXi + J2i<n r i x 7 be the T+ © T~-degree of Vj. Since T-degree of Vj 
coincides with T-degree of [u] s , we have Sj — = rrii, 1 < i < n. This implies 
Si = rrii + ri > mi. At the same time definition (|2 . 50[) and the condition d < sD(u) 
imply Sk < rrik, where k is the smallest index such that Sk 7^ mk- Thus Sk = nik for 
all 1 < k < n. This yields = 0, 1 < k < n. In particular T-degree of Vj coincides 
with the T+ © T^-dc gree, again a contradiction. □ 



Corollary 3.3. Let q be a semisimple complex Lie algebra. If q is not a root of 
1, then U q (o) has at most \W\ 2 different right coideal subalgebras containing the 
coradical, where W is the Weyl group of g. 

Proof. Due to Heckenberger — Schneider theorem, [1] Theorem 7.3], each of the 
quantum Borel subalgebras U^(q) has exactly \W\ different right coideal subalge- 
bras containing the coradical. At the same time by [3 Corollary 3.3] every sub- 
algebra of U q (o) containing H is T-homogeneous. Hence by Theorem 13.21 we have 
a decomposition (|3.4j) . We see that there are just \W\ 2 options to form the right 
hand side of ([3~4| . □ 
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We should stress that when [7 ± run through the sets of right coideal subalgebras 
of the quantum Borel subalgebras the tensor product in the right hand side of (|3.4p 
is a right coideal but not always a subalgebra. 

Our next goal is to state and prove a necessary condition for two right coideal 
subalgebras U + . U~ of the quantum Borel algebras to define in (I3.4|) a right coideal 
subalgebra of U q (s02 n +i) (respectively of u q (s02n+i))- 

4. Structure of quantum Borel subalgebras of U q (so 2n +i) 

In this section we follow [6] to recall the basic properties of quantum Borel 
subalgebras U^(so2n+i)- In what follows we fix a parameter q such that q 2 ^ ±1, 
q 3 1. Let ~ denote the projective equality: a ~ b if and only if a — ab, where 
O^aek. 

If C is a Cartan matrix of type B n , relations (|2.44[) take up the form 

(4.1) p nn = q, p u = q 2 , pa+iPi+ii = q~ 2 , 1 < i < n; 

(4.2) p ijP:ji =1, j>i + l. 

Starting with parameters Pij satisfying these relations, we define the group G and 
the character Hopf algebra G(X) as in the above section. In this case the quantum 
Borel algebra U+(so 2n +i) is defined as a quotient of G{X) by the following relations 

(4.3) [xi, [xi, x i+ i]] = 0, 1 < i < n; [x l ,x j ]=Q, j>i+l; 

(4.4) [[xj,Xj + i],x i+ i] = [[[x„_i,x„],x n ],x n ] = 0, 1 <i < n - 1. 

Here we slightly modify Serre relations (|2.45|) so that the left hand side of each 
relation is a bracketed Lyndon-Shirshov word. It is possible to do due to the 
following general relation in k(X), see [H Corollary 4.10]: 

(4.5) [. . . [[Xi, Xj\, Xj], . . -Xj] ~ [xj, [xj, . . . [xj,Xi] . . .]], 

V v ' S v ' 

a a 

provided that PijPji = PjJ a ■ 

Definition 4.1. The elements u, v are said to be separated if there exists an index 
j, 1 < j < n, such that either u S k(xj | i < j), v € k(xj | i > j) or vice versa 
u e k(xj | i > j), v € k(xj | i < j). 

Lemma 4.2. In the algebra (so2 n +i) every two separated homogeneous in each 
Xi G X elements u, v (skew) commute, [it, v] — 0, in particular u ■ v ~ v ■ u. 

Proof. The statement follows from the second group of defining relations (|4.3p due 
to (HH), (EH. □ 



Definition 4.3. In what follows Xj, n < i < 2n denotes the generator x-m-i+i- 
Respectively, it(fc, m), 1 < k < m < 2n is the word XkXk+i ■ ■ • x m -\x m . If 1 < i < 
2n, then is the number 2n— i+1, so that Xj = XMi). We shall frequently use the 
following properties of tp : if i < j, then ^(i) > il>{j); tp(tp(i)) = i; = -0(*) — 1, 

V>(i - 1) = fl>(i) + 1. 

Definition 4.4. If fe < i < m < 2n, then we define 
(4.6) a™ = p{u(k, m),u(k, m)), 
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(4.7) fi™' 1 = p(u(k, i), u{i + 1, m)) • p(u(i + 1, m), u(fc, i)). 



Of course, one can easily find the cr's and the /Lt's by means of (|4.1|) . (|4.2j) . More 
precisely, by Eq. (3.10)] we have 

{q, if m = n, or = n + 1; 
g 4 , ifm = ^(fc); 
q 2 , otherwise. 

If m < V'(fc), then by Eq. (3.13)] we have 

!q~ 4 , if m > n, i — -i(j(m) — 1; 
1, if i = n; 
<7~ 2 , otherwise. 

If m = ^>(fe)) then by [SJ Eq. (3.14)] we have 



(4-10) ^ 



1 , 

1, otherwise. 



If m > V-'(fc)j then then by [HJ Eq. (3.15)] we have 

{q~ 4 , ii k < n, i = ip(k); 
1, ifi = n; 
q -2 , otherwise. 

We define the bracketing of u(k, m), k < m as follows. 

{[[[... [a; fc ,a; fc+ i],...],a; m _i],a; m ], if m < ip(k); 
[xk, [xk+i, [• ■ • , [x m -i,x m ] . . .]]], if m > tp(k); 
P[u[n + 1, m], u[fc, n]], ifrn = -0(fc), 

where /3 = —p(u(n + 1, m), u(fc, n)) _1 normalizes the coefficient at it(fc, m). Condi- 
tional identity (|2.7I) and the second group of defining relations (14.3[) show that the 
value of u[k,m] in £7+(so2 ra +i) is independent of the precise alignment of brackets 
provided that m < n or k > n. Formula (|2.48l) and evident induction show that 

(4.13) g k g k+1 - ■ ■ g m cr(u[k,m}) ~ u[ip(m), i/j(k)], 
where a is the antipode. 

Lemma 4.5. (0 Corollary 3.13]). If m ^ ip(k), k < n < m, then in U+(sc>2n+i) 
we have 

(4.14) u[k, m] = [u[k, n], u[n + 1, m]] = /3[u[n + 1, m], u[k, n]], 
where /3 = —p(u(n + 1, m), u(k, n))^ 1 . 

Proposition 4.6. (0 Proposition 3.14]). If m ^ ip(k), k < i < m, then in 
Uq(sc>2n+i) for each i, k < i < m we have 

[u[k, i], u[i + 1, m]] — u[k, m] 

with only two possible exceptions being i = ip(m) — 1, and i = ip(k). In particular 
this decomposition holds for arbitrary i if m < n or k > n. 

Proposition 4.7. Let k < i < j < m. If m ^ tp(i) - 1, j ^ ip(k), and m ^ tp(k) 
then [u[k,i],u\j + l,m]] — 0. If m ^ ip(i) - 1, j ^ ip(k), and i ^ ifi(J) — 1, then 
[u[j + 1, m],u[k, i}} = 0. 
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Proof. The former statement follows from [6, Proposition 3.15]. Let m ^ ip(i) — 1, 
j ^ tp(k), and i ^ — 1- If additionally m ^ 4>(k) then still [6j Proposition 3.15] 
applies. Assume m = ip(k). We shall use the following two relations 

(4.15) [x x , [xx-ixxxx+i]} = [[xx-ix\x\+i],x\] =0,1* too 

where 1 < A < 2n, A ^ n,n + 1. The latter one is precisely [6j Eq. (3.7)] with 
k <— A if A < n, and with k <— "0(A) if A > n + 1. The former one follows from 
antisymmetry identity (|2.11|) . for 

p(xx,xx-ixxx\ +1 )p(xx-ixxx\ +1 ,x x ) = q~ 2 q A q~ 2 = 1. 

That equalities imply the following two ones 

(4.16) [x x , u[k, a]] = 0, k < A < a < n; 

(4.17) [u{k, a],xx] = 0, n< k < A < a. 

Indeed, if in (|4.16p we have A = k then [xk, u[k, a]} = [[xk, [xk, Xk+i]}, u[k+2, a]} = 0, 
for in this case u[k, a] is independent of the precise alignment of brackets, see Lemma 
12.11 and of course [xk, u[k + 2, a}] = due to Lemma l4~2l If A > k then 

[x x ,u[k,a]} ~ [u[k,X - 2], [x\, [xx-ixxxx+i]}, u[X + 2, a]}} = 0, 

for [xx, u[k, X — 2]] = [xx, u[X + 2, a}] = 0. The proof of (|4.17p is quite similar. 

Let i < n < j. In this case the equality [u[l +j, m], u[k, i]] = follows from (|4.16p 
with a <r- i if 1 + j > ip(i). If 1 + j < ip(i) this follows from (|4.17l) with k <- 1 + j, 
a <r- m. We have 1 + j ' ^ ip(i), for i ^ ip{j) — 1. 

Let i < j < n. By Lemma 14.51 we have u[l + j, m] = [u[l + j, n], u[n + 1, m]]. At 
the same time [u[n + 1, m], u[k, i]] — due to (|4.17j) with k <— n + 1, a <— m, while 
[u[l + j, n], u[k, i]] = since u[k, i] and u[l + j, n] are separated, see Lemma 1431 

Similarly, if n < i < j then by Lemma 14.51 we have u[k, i] — [u[k, n], u[n + 1, i]]. 
At the same time [u[l + j, m], u[k, n]] = due to (|4.16p with a -s— n, while [u[l + 
j, m], u[n + 1, i]] = since u[l + j, m] and u[n + 1, i] are separated. □ 

The elements u[k, m] are important due to the following statements. 

Proposition 4.8. 6 ( Proposition 4.1]. If q 3 ^ 1, q A ^ 1, then values of the 
elements u[k, m], k < m < tp(k) form a set of PBW-generators for the algebra 
Uq(so2n+i) overh[G]. All heights are infinite. 

Proposition 4.9. ([6, Proposition 4.5]). If the multiplicative order t of q is finite, 
t > 4, then the values of u[k,m], k < m < ip(k) form a set of PBW-generators for 
Uq(s02 n +l) over k[G]. The height h of u[k,m] equals t if m = n or t is odd. If 
rn n and t is even, then h = t/2. In all cases u[k, m] — in u+(so2 n +i)- 

We stress that due to (|4.8jl the height h here equals the multiplicative order of 
p uu , where u — u[k,m\. The coproduct on u[k,m], k < m < 2n is given by the 
following elegant formula, see O Theorem 4.3]: 

(4.18) A(u[k, m]) — u[k, m] <8> 1 + gk~>m ® u[k, m] 

m— 1 

+ ^2 r i(! _ <T 2 )9k^t u[i + l,m] <E> u[k, i], 

i—k 
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where by definition gk^i — gkgk+i • • • Qi = g(u[k,i]), and 

(4.19) n = q s ? = h if ? = " ; 

II, otherwise. 

Formula f|4. 1 8|) with (|2.35j) and (|2.36j) allows one to hnd the differentiation for- 
mulae 

!(1 — q~ 2 )Tku[k + 1, to], if i G {k, ip(k)}, k < m; 
0, if ii {k,ip(k)}; 

1, if i e {k, ip(k)}, k = m. 

{(1 — q~ 2 )T m -iu[k, to — 1], if i G {to, ip(m)}, m > k; 
0, ift£{m,^(m)}; 
1, if i G {to, m = k. 

These differentiation formulae with differential representation of the simplest ad- 
joint operators (|2.42j) , (|2.43j) allows one to find the (skew) bracket of basis elements 
u[k,m]T with the main generators x i . 

Lemma 4.10. If k < m, then in £7 g (s02n+i) we have 

!0, ifi£{k,m,i/)(k),i/)(m)}; 
g k fku[k + l,m], ifie{k,ip{k)}, m^^(fc); 
u[k,m— 1], i/i 6 (m.^m)}, m^ij)(k). 

Proof. The statement follows from ([2^43]) . (|43T|) . and (|4T20]l . □ 
Lemma 4.11. Ifi<j, then in U q (s02n+i) we have 

fo, ;/fc£{i,i,V>«,V>(i)}; 

(4.23) [a*,tt[i,j] ] ~ < + if k G j ^ ^(i); 

[u[i,j-i\, ifke{j,if>(j)}, j^ip(i). 

Proof. The statement follows from ([2^421) . (|4~2l"j) . and (j4T20|) . □ 

Corollary 4.12. If either k,m,^(k),ip(m) ^ [i,j] or i, j,ip(i),tp(j) ^ [fc, m], i/ien 

[u[fc,m],u[i,j] _ ] = 0. 



Proof. If fc, to, tp(k), ip(m) [i, ?']. then due to Lemma l4.11l we have [u[k. to]. =0 
for every i G Hence ad- identity (|2.9[) and evident induction imply the re- 

quired equality, for u[i,j]~ belongs to the subalgebra generated by x^,t G If 
i, j, ^>(z), V'(j) ^ [fc> TO ]> then in perfect analogy we use ad-identity (|2.8[) and Lemma 
QUI □ 

5. Roots and related properties of quantum Borel subalgebras 

Recall that a root of a homogeneous right coideal subalgebra U is degree of a 
PBW-generator of U, see [7, Definition 2.9]. Due to [6j Corollary 5.7] all roots of a 
homogeneous right coideal subalgebra U D G of positive quantum Borel subalgebra 

have the form [fc : to] = Xk + iCfc+i + • • ■ + ir m _i + x m = D(u[k, to]), where 1 < k < 
to < 2n. Here X2 n —i+i = see Definition 14.31 An £/-root is simple if it is not a 
sum of two or more other t/-roots. 
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In what follows E(U) denotes the submonoid of T + generated by all [/-roots. 
Certainly degree of any nonzero homogeneous element from U belongs to E(U). 
Moreover if q is not a root of 1, then all PBW-generators have infinite heights. 
Hence in this case E(U) is precisely the set of all degrees of nonzero homogeneous 
elements from U. Simple [/-roots are nothing more than indecomposable elements 
from E(U). In particular [6j Lemma 8.9] shows that U is uniquely defined by E([/) : 
if E(U) = S(C/i), then U = U\. The following statement shows that the lattice of 
right coideal subalgebras that contain the coradical is isomorphic to some lattice of 
submonoids of T + . 

Proposition 5.1. Let U,U\ 2 G be [homogeneous) right coideal subalgebras of 
U^(s02n+i), <7* 7^ 1 {respectively of it+(so2 n +i), if q* = 1, t > 4). Then U C U\ if 
and only i/E(U) C E(Ui). 

Proof. If [/ C C/i, then every PBW-generator a of U belongs to Ui. In particular 
a is a (noncommutative) polynomial in G and PBW-generators of U\. Hence every 
[/-root, being a degree of some a, is a sum of Ui-roots (degrees of PBW-generators 
of Ui); that is, £([/) C E(Ui). 

Let E(U) C E(Ui). Consider the subalgebra U2 generated by U and Ui. Certainly 
this is a right coideal subalgebra. At the same time 

E(U0 C E(U 2 ) C E(U) + E(Ui) - E(Ur), 

which implies E(Ui) = E(U 2 ), and Ui = U 2 2 U. □ 

The proved statement implies the following nice characterization of elements 
from U in terms of degrees of its partial derivatives. Recall that the subalgebra A of 
Uq (jS02n+i) or M+(s02n+i) generated over k by x\,X2, ■ ■ ■ , x n has a noncommutative 

differential calculus (|2.34[) . Due to (|2.35j) the subalgebra Ua — U n A is differential: 
^i(Ua) C Ua, 1 < i < n. Conversely, if Ua is any differential subalgebra of A 
homogeneous in each Xi, then the subalgebra U generated by Ua and G is a right 
coideal subalgebra of U+(s02«+i) or u+(s02„+i), see [3 Lemma 2.10]. Let d u , 
denote the differential operator d^d^ ■ ■ ■ di m . Certainly if / £ Ua, 
d u {f) ^ 0, then degree of d u (f) belongs to E(U), for d u (f) € Ua C U. Interestingly 
the converse statement is true as well. 

Proposition 5.2. Let U 3 G be a {homogeneous) right coideal subalgebra of 
U+(so 2ti +i), g* 7^ 1 {respectively 0} u+{so 2n +i), if q l = 1, t > 4). Lf f & A is a ho- 
mogeneous element such that for each differential operator d u we have D{d u {f)) £ 
E(U) ord u {f) = 0, iften / G U. 

Proof. Consider the differential subalgebra B generated by Ua and /. As an alge- 
bra B is generated by U4 and all d u {f). Hence degrees of all nonzero homogeneous 
elements from B belong to E(U) (in particular D{f) = D{d${f)) £ E(U)). Propo- 
sition 15.11 applied to the pair U, BG implies BG C U, and / £ U. □ 

We stress that the condition D{d u {f)) £ E(U) is equivalent to D(/) £ E(U) + 
D{u). Hence we may restate the proved statement: / £ U if and only if d u {f) = 
for all words u such that D(f) £ E(U) + D{u). To put it another way, we have 
a representation of homogeneous components U A , 7 £ L + of U^ in the form of 



TRIANGULAR DECOMPOSITION OF RIGHT COIDEAL SUBALGEBRAS 



17 



kernel of a set of differential operators: 

(5.1) U { 2 ] = P| Kerd u . 

Moreover Proposition 15.21 shows that right coideal subalgebras are differentially 
closed in the following sense. 

Corollary 5.3. If under the conditions of the above proposition D(f) £ £(t/) and 
di(f) eU,l<i<n, then f G U. 

Proof. Indeed, if di(f) £ U, 1 < i < n, then of course d u (f) G U for all nonempty 
words u. In particular either D(d u (f)) € S(J7) or d u (f) = 0. Proposition 15.21 
applies. □ 

Needless to say that all statements of this and the above sections remain valid for 
negative quantum Borel subalgebra too. In particular all roots of a homogeneous 
right coideal subalgebra U~ D F of negative quantum Borel subalgebra have the 

form [i : j]~ == x~ + x^ +1 + • • • + xj -^ + xj , where 1 < i < j < 2n. 

6. Minimal generators for right coideal subalgebras 
of the quantum borel algebra 

Let S be a set of integer numbers from the interval [1 , 2n] . A (noncommutative) 
polynomial $ (fc, m), 1 < k < m < 2n is defined by induction on the number r of 
elements in the set S D [k, m) = {si, S2, ■ ■ ■ , Sr}, k < s± < S2 < ■ ■ ■ < s r < m as 
follows: 

r 

(6.1) $ 5 (fc,m) =u[k,m] - (1 - 9 - 2 )^a*;„$ 5 (l + s l ,m)u[A:, Si ], 

i=l 

where aj = T s p(u(l + s, m), u{k, s))~ , while the r's was defined in (|4.19p . 

We display the element Q s (k, m) schematically as a sequence of black and white 
points labeled by the numbers k — 1, k, k + 1, . . . m — 1, m, where the first point is 
always white, and the last one is always black, while an intermediate point labeled 
by i is black if and only if i 6 S : 

. * k— 1 k k+1 k+2 ra — 2 m — 1 m 

(6.2) ooo • o--- • o» 

Sometimes, if fc < n < to, it is more convenient to display the element § s (k,m) in 
two lines putting the points labeled by indices i,ip(i) that define the same variable 
Xi = x^(i) in one column: 

m ^(i) n+l 

(6-3) , , JJ" * ° ' 

O O ■ • • O ■■• • O 

The elements <fr s (k,m) are very important since every right coideal subalgebra 
U D G of the quantum Borel subalgebra is generated as an algebra by G and 
the elements of this form, see [51 Corollary 5.7]. Moreover U is uniquely defined 
by its root sequence = {6\, 62, ■ ■ ■ , n ), The root sequence satisfies < 8i < 
2n — 2i + 1, and each sequence satisfying these conditions is a root sequence for 
some U. There exists a constructive algorithm that allows one to find the generators 
$ (k,m) if the sequence is given, see [6j Definition 10.1 and Eq. (10.6)]. More 
precisely the algorithm allows one to find all possible values of the numbers fc, to 
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and the sets S. In particular one may construct all schemes (|6.2|) for the generators. 
However the explicit form of <f> s (k, to) needs complicated inductive procedure (|6.1|) . 
These generators satisfy two additional important properties. First, their degrees, 
D($ s (k,m)) = Xk + Xk+i + ••• + x m , are simple [/-roots; that is, Z?($ s (fc, m)) is 
not a sum of nonzero degrees of other elements from U , see [6l Claims 7,8]. Next, 
the set S is always (fc, m)-regular in the sense of the following definition, see [6j 
Claim 5]. 

Definition 6.1. Let l<k<n<m< 2n. A set S is said to be white (k, m)-regular 
if for every i, k — 1 < i < m, such that k < ip(i) < m + 1 either i or — 1 does 
not belong to S U {k — 1, to}. 

A set S is said to be black (fc, m) -regular if for every i, k < i < m, such that 
fc < < m + 1 either i or — 1 belongs to S \ {k — 1, m}. 

A set S* is said to be (k,m)-regular if it is either black or white (fc, m)-regular. 

If m < n, or fc > n (or, equivalently, if u[k,m] is of degree < 1 in x n ), then by 
definition each set S is both white and black (k, m)-regular. 

To illustrate the notion of a regular set, we shall need a shifted representation 
that appears from (|6.3|) by shifting the upper line to the left by one step and putting 
the colored point labeled by n, if any, to the vacant position (so that this point 
appears twice in the shifted scheme): 

rn n+i n+1 n 

• ••• O O • • • • o<= 

\° A > fc-1 ip{m)-X n -i n-l n 

o o • ■ ■ • ••• • • ••• o o 



If k < n < m and S is white (fc, m)-regular, then n S, for ij)(n) — 1 = n. If 
additionally m < tp(k), then taking i = ip(m) — 1 we get ^(i) — 1 = ni, hence the 
definition implies ip(m) — 1^5. We see that if m < ip(k), k < n < m, then S is 
white (fc, m)-regular if and only if the shifted scheme of $ s (fc, m) given in (|6 .4[) has 
no black columns: 

n+i n 
• O O o<^ 

n—i n 
O • O o 

In the same way, if m > ^(k), then for i — ip(k) we get ^(i) — 1 = fc — 1, hence 
ip(k) ^ S. That is, if m > ip(k), k < n < m, then S* is white (fc, m)-regular if and 
only if the shifted scheme (|6.4[) has no black columns and the first from the left 
complete column is a white one. 

n+z n 
• o o • • • o<^ 

n—i n 
O • O O 

All in all, a set S is white (fc, m)- regular, where l<k<n<m< 2n, if the 
shifted scheme obtained by painting k — 1 black does not contain columns with two 
black points. 

Similarly, if fc < n < m and S is black (fc, m)-regular, then n £ S. If additionally 
m < V'(fc), then taking i = ip(m) — 1 we get — 1 = to, hence ip(m) — 1 G S. 
We see that if to < ip(k), k < n < to, then 5* is black (fc, m)-regular if and only if 
the shifted scheme (|6.4p has no white columns and the first from the left complete 



(6.5) 



k-l 

o 



O 



(6.6) 



o 

fc-1 
o 
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column is a black one. 



(6.7) 



m n+i 

• • • • • O 

k— 1 i/i(m)— 1 n— i 

o • • • • • • 



If rn > ip(k), then for i = ip(k) we get ip(i) — 1 = fc — 1, hence ?/>(fc) £ 5. That is, 
if m > ip(k), k < n < to, then S 1 is black (fc, TO.)-regular if and only if the shifted 
scheme (|6.4[) has no white columns: 



m V'(fc) n+i n 

(6.8) ' * ' °. ' -: 

v ! ft— 1 n—i n 

O • • • O • • • 

All in all, a set S is black (fc, m) -regular, where l<k<n<m< 2n, if the 
shifted scheme obtained by painting to white does not contain columns with two 
white points. 

At the same time we should stress that if to = ip(k), then no one set is (k, m)- 
regular. Indeed, for i = k — 1 we have ip(i) — 1 = to. Hence both of the elements 
i, ip(i) — 1 belong to S U {fc — 1, m}, and therefore S is not white (k, -0(fc))-regular. 
If we take i — to, then ip(i) — 1 = k — 1, and no one of the elements i, — 1 
belongs to 5 \ {fc — 1, m}. Thus S is neither black (fc, ?/>(fc))-regular. 

Lemma 6.2. ^4 se£ S is white (black) (fc, m)-regular if and only if its complement 
S with respect to [k,m) is black (white) (fc ,m) -regular. 

Proof. The shifted scheme for $ (fc, to) appears from that for $ (fc, to) by changing 
the color of all points except the first one, fc — 1, and the last one, to. Under this 
re-coloring a scheme of type (|6.4|) is transformed to (|6.7|) . while a scheme of type 
(16.51) is transformed to (16.81) and vice versa. □ 



Lemma 6.3. A set S is white (black) (fc, m)-regular if and only iftp(S) — 1 is white 
(black) (ip(m), ii(k)) -regular. Here ip(S) — 1 = {V'(s) — 1 | s G S}. 

Proof. The shifted scheme for (ip(m) , ^p(k)) appears from that for <& s (fc, to) 

by switching rows and changing the color of the first and the last points. Under 
that transformation a scheme of type (|6.5[) is transformed to (|6.6p . while a scheme 
of type (|6.7|) is transformed to (|6.8|) and vice versa. □ 



Theorem 6.4. ([6j Corollary 10.4]). If q is not a root of 1 then every right coideal 
subalgebra ofU^~(s02n+i) that contains G is generated as an algebra by G and a set 
of elements $ (k,m) with (k,m) -regular sets S. If q* = 1, t > 4, then this is the 
case for every homogeneous right coideal subalgebra of u+ (s02n+i) that contains G. 



Of course this theorem is valid for negative quantum Borel subalgebra as well. 
In this case the generators take up the form $^ (fc, to) with (fc, TO,)-regular sets S, 
where ^(fc, to), is the element (|6.1j) under the replacement Xi <— , 1 < i < n. 

Proposition 6.5. If S is a (fc, to) -regular set, then 

$ s (fc,m) - $ t (V^(to), tp(k)), 

where T — ip(S) — 1 is a (?p(m),ip(k)) -regular set and ip(S) ~ 1 denotes the set 
{ip(s) — 1 1 s G S}, while the complement is related to the interval [ip(m),'ip(k)). 
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Proof. The proof follows from [6l Proposition 7.10] since due to Lemmas 16.21 and 
16.31 the set S is white (black) (k, m)-regular if and only if T is black (white) 
(ip(m), ^>(fc))-regular. □ 

Lemma 6.6. Let S be a white (k,m)-regular set. Assume s is a black point on the 
scheme (1 6 . 2\i . and k — 1 < t < s < m. Then S is white (1 + t, s)-regular if and only 
if either ip(t) — I is a white point or ip(t) — 1 ^ [t,s]. In particular if either t is black 
or t = k — 1, then S is white (1 + i, s)-regular. 

Proof. The general statement follows from interpretation of regular sets given on 
diagrams (|6.5[) . (|6.6|) . The points t, ijj(t) — 1 form a column on the shifted scheme. 
Hence if either t is black or t = k — 1, then tf;(t) — 1 is white or it does not appear 
on the scheme at all, that is 4>(f) — I ^ [k — l,m] D [t, s]. □ 

Similarly we have the following statement. 

Lemma 6.7. Let S be a black (k,m) -regular set. Assume t is a white point on the 
scheme (| 6. £j) . and k — 1 < t < s < m. Then S is black (1 + 1, s)-regular if and only 
if either ip{s) — 1 is a black point or ip( s ) ~ 1 ^ [tj s ]- I n particular if either s is 
white or s = to, then S is black (1 + t, s)-regular. 

Lemma 6.8. ([5J Corollaries 7.7, 7.13]) Let k < t < m. The decomposition 

(6.9) $ 5 (fc, m) - [$ 5 (fc, t), $ 5 (1 + t, m)] 

is valid if either SL){t} is white (k, m)-regular and t ^ S , or S is black (fc, m) -regular 
and t $l S \ {n}. 

Lemma 6.9. ([6l Corollaries 7.5, 7.14]) Let k < s < m. The decomposition 

(6.10) $ s (/c, m) - [$ s (l + s, m), $ s (fc, s)] 

is valid if either S is white (fc,m)- regular and s G S U {n}, or S \ {s} is black 
(k,m) -regular and s G S. 

We stress that due to Lemmas 16. 6[ 16.71 in these lemmas the set S appears to be 
both (k, £)-regular and (1 + t, m)-regular; that is, the multiple use of the lemmas is 
admissible. 

Lemma 6.10. If S is (k,m) -regular set, then we have 

(6.11) g k ^ m ( r($ s (fc, to)) ~ ^"^(m), if>(k)) - m), 

where S is the complement of S with respect to [k,m), and a is the antipode. 

Proof. Assume S is white (k, TO.)-regular. We use induction on the number r of 
elements in the intersection S D [k, to). If r = 0, then the left hand side equals 
gk^m o-(u[k, m]) ~ u[ip(m), ip(k)} due to (|4.13j) . Proposition 16.51 with S ^— [k,m) 
implies u[4>{m),ip(k)] ~ & k ' m \k,m), which is required. If r > then we choose 
s G S, k < s < m. By Lemma l6Jl we have decomposition (|6.10j) . Using ()2.48|) and 
the inductive supposition, we have 

(6.12) 5fc ^ m a($ s (fc,TO)) ~ [^( s )- 1 ( ? A( S ),^(fc)),^^- 1 (V(m),^(l + S ))]. 

At the same time Lemma 16.31 implies that tJj(S) — 1 is a white (tp(m), ?/>(fc))-regular 
set, and + s) = ip(s) — 1 G ip(S) — 1. Hence we may apply Lemma [679l that 
shows that the right hand side of (|6.12j) is proportional to $^^ s '^ 1 (?/)(m), ip(k)). 
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This proves the first proportion in (|6.11j) . The second one follows from Proposition 



If S is black (k, m)-regular, then Lemma 15751 reduces the consideration to white 
regular case. □ 

Lemma 6.11. Let U (k,m) be the right coideal subalgebra generated by G and by 
an element $ s (k, m) with a (k, m)-regular set S. In this case the monoid Yi(U s (k, m)) 
defined in the above section coincides with the monoid E generated by all [1 + 1 : s] 
with t being a white point and s being a black point on the scheme (| 6. 2\ . 



Proof. Proposition 9.3 [5] implies that degrees of all homogeneous elements from 
U s (k,m) belong to E. Hence Z(U s (k,m)) C E. At the same time Lemma 9.7 
[B] says that every indecomposable in E element [1 + 1 : s] is a simple U s (k,m)- 
root. Since certainly E is generated by its indecomposable elements, we have E C 
E(f/ S (fc,m)). □ 

Lemma 6.12. Let S be a white (k,m) -regular set, t < s be respectively white and 
black points on the scheme (| 6. 2\ . Ifip(l+t) is not a black point (it is white or does 
not appear on the scheme at all) then [1 + t : s] is a simple U s (k,m)-root, and 
$ s (l +t,s) S U s (k,m). 

Proof. By j6j Lemma 9.5] the element [1 + 1 : s] is indecomposable in E. Hence 
by Lemma [6.111 it is a simple II s (k, m)-root. At the same time [6j Theorem 9.8] 
implies $ 5 (1 +t,s) e U s (k, m). □ 

Lemma 6.13. Let S be a black (k,m)-regular set, t < s be respectively white and 
black points on the scheme ([ 6. 2\ . If "0(1 + s) is not a white point then [1 + 1 : s] is 
a simple U s (k, m)-root, and + t, s) S U s (k, m). 

Proof. Similarly by [51 Lemma 9.6] the element [1 + 1 : s] is indecomposable in E. 
Hence by Lemma [6.111 it is a simple II s (k, m)-root, while [6j Theorem 9.8] implies 
$ S (1+M) € U s (k,m). □ 

Lemma 6.14. Let S be a (k,m) -regular set. If t < s are respectively white and 
black points on the scheme (| 6 . 2\ . then $ s (l + t, s) G II s (k, m) unless t < n < s. 

Proof. Let S be white (fc, m)-regular. Assume s < n. The point ip(k) is not black 
on the schemes (|6.5[) , (|6.6j) . Hence Lemma 16.121 with t <— k — 1, s 4— s implies 
$ s (fc, s) <E II s (k. m). Again bv Lemma l6~T2l applied to U s (k, s) we get $ s (l+t,s) e 
U s (k,s) C U s (k,m). 

Assume t > n. The point n = ip(n + 1) is white on the schemes (I6.5[) . (|6.6p . 
Therefore Lemma [6.121 with t ^— n, s ^— m implies $ s (l + n, m) £ II s (k, m). Again 
by Lemma 16.121 applied to U s (l + n, m) we get <£> s (l + t, s) G U s (l + n,m) C 
U s {k,m). 

If S is black (k, m)-regular, then we may apply Lemma 16.131 in a similar way or 
just use the duality given in Proposition 16.51 □ 



7. Necessary condition 

Let U~ 3 F and U + 3 G be right coideal subalgebras of respectively negative 
and positive quantum Borel subalgebras. As we mentioned in the above section 
U + is generated as algebra by G and elements of the form $ s (fc,m) with (k,m)- 
regular sets S. Respectively U~ is generated as algebra by F and elements of the 
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form with (i, j)-regular sets T. Here appears from $ T (i, j) given 

in (|6.ip under the substitutions xt «— x^~, 1 < t < In. 

To state a necessary condition for tensor product (]3.4p to be a subalgebra we 
display the regular generators $ (fc, m) and <&^_(i,j) graphically as defined in (|6.2I) : 

fe— 1 i — l i i+1 m 

(7.1) 5 o ..... o ... . 

T oo •••• 

We shall call this scheme a S^T- - scheme. Sometimes in this notation we omit 
those of the indices that are fixed in the context. For example if k,m,i,j arc 
fixed, this is a ST-scheme. Lemma [6.51 shows that the element $ s (fc,m) up to a 
scalar factor equals the element ^^~ 1 (%p(m) 7 ip(k)) that has essentially different 
representation (|6.2|) . By this reason to the pair & s (k, m), we may associate 

three more schemes: 

„ fc-i V'(j)- 1 ^(i) V>0O+i m 

(7-2) 5 ° - • ' ° - ' 

T* o . . ••• o . 



Here T* is the set VK^) — 1) the complement of {ip(t) — 1 1 t e T} with respect to 



[■0(i), By definition this is the S^T*t^ ] -sche me, or shortly the ST*-scheme. 



(7.3) 5 ^ ° ' ° ° ' 

To •■• . ••■ o o . 



Here S* is the set ip(S) — 1, the complement of {ip(s) — 1 1 s £ S} with respect to 



[ip(j),ip(i))- By definition this is the SVf ^T^-scheme, or shortly the ST-scheme. 



^(m)-l V>W i>(k) 

(74) 5 o ... o o ... . 

1 o ••• o ••• . . 

Again by definition this is the S^j£f T^fjs -scheme, or shortly the 5*T*-scheme. 
Definition 7.1. A scheme is said to be balanced if it has no fragments of the form 

t s 

(7.5) o ... . _ 



Theorem 7.2. Consider the triangular decomposition of a right coideal subalgebra 
given in Theorem[ 



(7.6) U = U-® k[Fl lc[H\® hl a i U + . 

If $ s (fc,m), $_:(i,j) are i/ie regular generators respectively ofU + and U~ defined 
by simple roots [k : m] and [i : i/ien either all four schemes ( |7. 1\ — [7^1 ) defined 
by this pair are balanced, or one of them has the form 

(7.7) ° ° ' ' , 

o ••• . ••• o ••• . 

where no one intermediate column has points of the same color. 
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The next lemma shows that to see that a given pair satisfies the conclusion of 
the theorem it is sufficient to check just two first schemes (17. ip . (|7.2|) . 

Lemma 7.3. ST -Scheme \7.1\ is balanced if and only if so is S*T*- scheme Q7.^[ ). 
Similarly ST* -scheme <\7.2ty is balanced if and only if so is S*T-scheme Q 7. Sty . ST- 
Scheme Q7.-?| ) has the form ( |7. 7] ) «/ and oriZ?/ i/so does S*T* -scheme Respec- 
tively ST* -scheme \7.%fy /las the form ( |7. ?P if and only if so does S*T -scheme |75|. 



Proof. Consider a transformation p of schemes that moves a point a to ^( a ) ~ 1 
and changes the color. This transformation maps ST-scheme to S*T* -scheme and 
5T*-scheme to S**T-scheme. At the same time it changes the order of columns. 
In particular the fragment of the form (|7.5[) transforms to a fragment of the same 
form with t 4- ip(s) - 1, s <- ijj(t) - 1. □ 

8. Additional relations 

In this and the next technical sections we are going to describe two important 
cases when [<J> s (fc, m), 3>T(i, j)] belongs to k[H]. The first one (Theorem 18. ip is 
the case when >ST-scheme has the form ()7.7[) , while the second one (Theorem I9.5[) 
provides conditions when this bracket equals zero. 

We fix the following notations. Let hi denote gifi G H, while gk^m is the prod- 
uct g k g k+ i . . .g m , respectively f k ^ m = fkfk+i ■ ■ ■ fm, and h k ^ m = g k ^ m fk^ m - 
In the same way y^^ m = \ k X k+1 ■ ■ ■ X m ■ Similarly Pk-> m ,i->j is x k ^ m (9i^j) — 
X l ^ 3 (fk^m)- Of course we have P k ^ m j^j = P^{m)-H>[k),^(j)-H>(i)- In these nota- 
tions Definition 4.4 takes the form cr™ = P k ^ m ,k^ m ; AV* = Pk-n,i+i-*n --Pi+i-^m.fe-j 
Theorem 8.1. If S is a (k,m) -regular set then 
$ s (fc, m),$^(fe,m) 

where S is a complement of S with respect to the interval [fc, m). 

Proof. We use induction on m — ft. If m — k, the statement is clear. 

Suppose firstly that n ^ [k,m). In this case each set is both black and white 
(fc, m)-regular. Hence by Lemma 16.81 and Lemma 16.91 with t = m — 1 we have 



<bS(k m \ ([® S (k,m-l),x m ] ifm-1^5; 
l ' ' 1 {x m ,<f> s (k,m-l)} ifm-leS, 



and 

$ s (fc, m) 



[z~ , $ s (fc,m - 1)] 
[$^(fc,m - l),x~] if ?7i - 1 e 5". 

Let us fix for short the following designations: u — Q s (k, m — 1), tj~ = $_(fc, m— 1). 
By the inductive supposition we have [it, v~] — a(l — hk m —i), a ^ 0. Consider the 
algebra $ 2 defined by the quantum variables Zi,z*j with g Zl — gr(u) = g^m-i, 
X Zl = X u , 9z 2 = 9m, X Z2 = X m , and respectively g z - = gr(v~) = f k ^ m -i, 

\ Zl = (x") _1 i 9 Z - = fm, X 7 ' 2 — (X m ) _1 - Since due to Lemma 12.21 we have 
[u,x m ] = [x m ,v~} — 0, the map z\ — > u, Z2 — > x m , z± — > cT x v~ , z% — ► x m 
has an extension up to a homomorphism of algebras. Hence by Lemma l2.3l we have 
[[w,2 m ], [a^f - ]] = e(l - h k ^ m ), where the coefficient e = (1 - p(z u z 2 )p(z 2 , z{)) 
equals 1 - q~ 2 , for p(zi,z 2 ) = p(u,x m ) = PkmPk+i m ■ ■ ■ Pm-i m and p(z 2 ,z 1 ) = 
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p(x m ,u) — PmkPmk+i ■ ■ -Pmrn-l- Since conditions of Lemma [2.31 are invariant un- 
der the substitution i o j, we have also [[x m ,u], = e(l — hk^m), which is 
required. 

Now consider the case n S [k,m). Suppose that S is white (fc, m)-regular and 
to < ij>(k). In this case S is black (fc, TO,)-regular. Let t denote the first white point 
next in order to tp{m) — 1. Since n is a white point, we have t < n. 

m 0(t) n 

• o o o * ... 

^ ' fe-1 V(m)-1 t-1 t n 

o . . . o •• • o •••o 

The set SU{ip(t) — 1} is white (fc, m)-regular, unless ip(t) — l = n. Hence by Lemma 
16.81 and Lemma 16.91 we have 



cfrSffc^ /[$ s (fc,^)-l),$ s (^),m)] Hm -HSU {n}; 
* 1«>™J \[$ s (?A(0,m),$ s (fcXt) - 1)] if^(t)-leSU{n}. 

Similarly \ {ifj(t) — 1} is black (fc, m)-regular, unless ip(t) — 1 = n. The condition 
V>(£) — 1 ^ 5 \ {n} is equivalent to ip(t) — 1 € S U {n}. Hence these lemmas imply 
also 



$ 5 (fc,TO) 



[ [®-(k, ip(t) - 1), $ s (ip(t), m)] if ?/>(/) - 1 € S U {n}. 

Let us fix for short the following designations: u = & s (k,ip(t) — 1), w = & s (ip(t),m), 
w~ = <f>^(k,ip(t) — 1), y~ = $^!_(ip(t),m). By the inductive supposition we have 

(8.2) [u,w~] = a(l - h k ^( t )_x), [v, y~] = P{1 ~ h^ t ^ m ), 
where a ^ 0, (3 ^ 0. 

Assume t ^ n (equivalently, %j){t) — 1 ^ n). In this case u and w~ have further 
decompositions according to Lemmas 16.81 16.91 

(8.3) u = [$ s (n + l,ip(t) - l),$ s (fc,n)],u;- = [$£(fc, n), $£(n. + 1, ij){t) - 1)]. 

Moreover, S and S" are both black and white (fc, n)-regular. Since ijj(m) — 1, t arc 
white points for S and black points for S, we have 

$ s (fc,n) = [[ai,a 2 ],a 3 ], $ s (fc,n) = [63 , 6J"]], 

where a! = $ s (fc, ^(m) — 1), a 2 = $ s (i/'(to), i), 03 = $ s (i + and similarly 

6^ = ^(k,ip(m) - 1), 6^ = $£(^(m),i), 63" = $£(t + l,n). All points of the 
interval [ip(m), t) are black for S (of course if t = ^(m), then this interval is empty). 
Hence all points of the interval [ip(t), to) are white (otherwise S is not white (fc, m)- 
regular). In particular 

(8.4) v = $ 5 (-0(i),TO) = $ (?/>(t),m) = u[ip(t),m]. 



At the same time, using Lemma 16.51 we have 

(8.5) a 2 = <5> s {iJ;(m),t) = $ W ' (m) ^(V>(TO), t) ~ <5>®(il;(t),m) = it[^(t),ro]. 
Hence by (|8.2j) we have [a 2 ,y _ ] ~ [v, ~ 1 — h^,^^ m . Lemma l2~2l implies 
= [a u y-} = [a 3 ,y-] = [$ 5 (n + 1, ^(t) - 1), y~]. 

Therefore 

[$ s (fc,ri),y _ ] = [[[a 1 ,a 2 ),a 3 },y~} [[[ai, a 2 ], y"], a 3 ] 
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J23J 

= [[a\A a 2,V \\,a 3 \ ~ [ai,a 3 \=0, 
for 0,1,0,3 are separated in C/+(s02n+i)- Thus, (|8.3I) implies [u, j/ - ] = 0. 

In perfect analogy we have [v, w~] = 0. Consider the algebra ^ 2 defined by 
quantum variables z 1 ,z 2 with g Zl = gr(u) = fffc_^( t )_i, x Zl = X u , 9z 2 = gr(v) = 
9iP(t)->m, X Z2 = X v , and respectively g z - = gr(w _ ) = f k ^,(t)-i, X* 1 = (x")~\ 
% = gr(sT) = U(t)^m, X z * = (X") _1 - Due to (JES) and = [«,«;"] = 0, 

the map z\ — > u, z 2 — > v, — > a~ 1 w~ , — ^ /3~ 1 y~ has an extension up to a 
homomorphism of algebras. Hence by Lemma l2.3l we have [[w,i>], [y~ ,w~\\ = e(l — 
hk^m), where the coefficient e equals 1 — q~ 2 , for p{z%, z 2 )p(z 2 , z\) — p(u, v)p(v, u) 

— fJ,™'^ 1 = q~ 2 due to (|4.9[) . Conditions of Lemma 12.31 are invariant under 
the substitution i o j. Hence we have also [[«,«], [iu - ,?/ - ]] = e(l — hk^-m), which 
proves the required relation for t n. 

Assume t = n. In this case m) = [v, u], (fc, m) = {w~ , and we have 

u = <& s (k,n) = [ai,&i], w~ = $^(fc,n) = [63 ,b^], 

where ai = $ s (fc,-0(m) - 1), a 2 = $ s (ip(m),n), and 6j" = $^(fe,^(m) - 1), 
&2~ = $^(-0(m), u). Equalities (|8.4I) and (|8.5|l with t <— n show that a 2 ~ u. Hence 
$ s (fc,m) = [u, w] ~ [u, [ai,u]], while [u, [ai,u]] ~ [[oi,u],w] due to conditional 
identity (|2.11j) . for p(a\v,v)p(v,a\v) = /i™'™ = 1, see (|4.9|) . Similarly 

*£(*:, m) = [w",y _ ] - [[fcf >&r]>lT] ~ [[v~, &i],lT] ~ faT.faT, &rl]- 
Consider the algebra $ 2 dehned by quantum variables z\, z 2 with g Zl — gr(ai) = 
ft->«m)-i, X 21 = X ai , 9z 2 = g r ( w ) = ffn+l-m, X Z2 = X v , and respectively g z - = 

grOr) = /fc-^M-l, X Zl = X h = (X ai y\ 9 Z - = grljT) = /n+i-t-m, X* 2 " = X y ~ 

— (x^)" 1 - By the considered above case "n ^ [fe, m)" we have [oi,6j~] = 7(1 — 
hkMm)-i)- Since Lemma 12.21 implies [ai,y~] — = 0, the map z\ — > a±, 
z 2 — > v, z-j" — > 7~ 1 6 1 , z^ ft~ 1 y~ has an extension up to a homomorphism of 
algebras. Hence by Lemma l2~4l we have [[[ai, v], v], [y~ , = £ (1 — hk^m)- 

It remains to note that e 0. Dchnition (|4. 6[) implies p(^2, 22) — p{v, v) — o~™ +1 , 
while (|4.8p shows that cr^! = g. Further, z-i)p{zii z\) — p(ai,v)p(v,ai) — 
_ g - 2) see gj])^ gjj^ Hence £ = (1 + g )(i _ g -2)(x _ q-i) ^ 0. This 
completes the proof of the case "m < ip(k), S is white (k, m)-regular". 

If S is black (k, m)-regular and still m < ip(k), then by Lemma [6.21 the set S 

is white (k, m)-regular. Hence <!> s (fc, m), m) ~ 1 — hk^ m - Let us apply 

hk-^ m <J, where er is the antipode, to this equality. By (|2.48[) and (|6.11|) we have 
3>_(fc, m),$ (k, m) ~ 1 — hk^ m - It remains to apply antisymmetry (|2.20j) . 
If m > ip(k) then Lemma 1631 reduces consideration to the case "m < ip(k)." □ 

Corollary 8.2. If k < m ^ ip(k), then in the algebra U q (so 2n +i) we have 
(8.6) [u[k,m],u[ip(m), ip(k)}~] ~ I - h k ^ m - 



Proof. Proposition ^ . 51 with S — 9 applied to the mirror generators implies u[ip(m), tp(k)] 
$[ fc,m ' ) (fc, m). Hence Theorem 18 . 1 1 works . □ 
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9. Pairs with strong schemes 

In this section we determine when \& s (k, m), j)] equals zero. Let us con- 
sider firstly the case S = T = 0. 

Proposition 9.1. Let i ^ k, j ^ m, k < m, i < j. If ip(m),ip(k) £ or, 
equivalently, k,m ^ [ip(j),ip(i)], then in U q (s02n+i) we have 

[u[k,m],u[i,j]~] = 0. 

Proof. If m = ip(k), then conditions tp(m),rp(k) £ certainly imply k, to, ip(m), 
ip(k) £ and one may use Corollary 14. 121 If j = ip(i), then ip(t) £ if and 
only if t ^ Hence again ip(m),ij)(k) implies k,m,ip(m),?p(k) (f. 

and Corollary 14. 121 applies. Thus, further we may assume to ^ if)(k), j ^ 

We shall use induction on the parameter to — k + j — i. If either m = k or j = i, 
then the statement follows from (|4.22l) and (I4.23|) . Assume k < to, i < j. Condition 
ip(m), ip(k) $l holds if and only if one of the following two options is fulfilled: 

A. ip(m) < i < j < ip(k); 

B. ip(m) < ip(k) < i < j, or i < j < ip(m) < ip(k); 
Let us consider these options separately. 

A. Since ip(k), ip(m) ^ by Corollary (|4. 12[) we may suppose that either 

k G [ijj] or to G The option A is equivalent to k < ip(j) < < m, for ip 

changes the order. 

By Proposition l4"l)l with i <s— — 1 we have u[k, to] = [u[k,i/}(J) — l],u[4!(J),m]]. 
Indeed, the exceptional equality — 1 = if)(m) — 1 implies a contradiction j = m. 
The exceptional equality ip(j) — 1 = ijj{k) implies j = k — 1, hence j < k < to, in 
particular k,m ^ [hj]- 

Similarly, Proposition 14.61 with k <— if)(j), i ip{i) shows that u[ij>(j),m] = 
[u[tp(j), ip(i)], u[ip(i) + Indeed, we have m ^ ^{^{j)) = 3> an d ^(i) 

^(^0)) = J- The remaining condition, ^(i) ^ ip(m) — l, is also valid since otherwise 
i = m + 1, and again fc, to ^ [i, j], and again Corollary 14. 121 applies. 

Let us fix the for short following designations: u = u[k, v = u[ip(j), ip(i)], 

w = u[tp(i) + l,m], z~ = u[i,j]~ . Corollarv l8.2l implies ~ l — h v . Proposition 

14.71 with i <— ip(j) — 1, j shows that [u,w] = 0, for m = — 1) — 1 is 

equivqlent to m — j, while if>(i) = tp(k) is equivalent to i = k. Using (I2.19P we have 

(9.1) [u[k,m],u[i,j]~] = [[u, [v, w]], z~\ = [u, [[v, w], z~}} + p z , vw [[u, z~], [v,w]]. 

If j n, then ip(j) — 1 ^ j, and still ij)(k) ^ ip(i) — 1. Hence by the inductive 
supposition with m <— ip(j) — l we have [u, z~] = 0. If i =/= n+l, then ip(i)+l ^ i, and 
still to ip(tp(i) + 1) = i — 1. Hence by the inductive supposition with A: <— V'(i) + 1 
we have [w, z~\ = 0. Thus for i =/= n + 1, j =/= n we may continue (|9.1[) : 

(9.2) [[t;,^ \,w\\ ~ [u, /it, • wj ~ wj = 0. 

Suppose that j = n. In this case we have k G = [i,n], for m > ^/>(j) = 
n + 1 > j. Moreover i ^ n + 1, for i < j = n. Hence still [w, z~] = 0, and the first 
addend in (|9.1I) is zero (see arguments in ()9.2[) ^) . 

By additional induction on t — fc we shall prove the following equation: 

t-i 

(9.3) [u[k, t], u[i, t]~] = ctbu[i,b)~ ■ u[k,b], 

b=k-l 
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where i < k < t < n, / ctj £ k, and by definition u[k, k — 1] = 1. 

If t = k, the formula follows from (|4.23|) . In the general case by the main 
inductive supposition we have [u[k,t — l],u[i,t]~] = 0, for k ^ i, t — 1 ^ t; ip(k), 
tp(t -I) £ [i, t]; and f — 1 =/= i/>(k), t ^ tp(i) due to i < k < t < n. Therefore 

[u[k, i], u[i, t]~] = [[u[k, t — 1], Xt], u[i, t}~] [u[k, t — 1], [cct, t]~]]. 

Here we would like to apply inhomogeneous substitution (|4.23p to the right factor 
of brackets. To do this we must fix the coefficient: 

~ u[k, t-1]- u[i, t-l]- - x^^igtfi^tHi, t - I]" • u[k, t - 1] 

= [u[k, t — l],u[i, t — + cit-\u[i, t — 1] _ • u[k, t — 1], 

where at-i = x fe ^' _1 (/«->■*— — X * — H^t)) 0- Thus by induction on t we get 

Relation ()9.3[) with t = n takes the form [it, z — ] = ^2b=k-i a b u [h b]~~ ' u[&, &]. 
Sinse the first addend in (|9.ip is zero, we may continue f|9 . lj) : 

' n-1 

b] _ • u[fc, b], [v, w] 

.b=k-l 

We have seen that [v, w] = u[n + 1, m]. At the same time [u[fc, b],u[n + 1, to]] = 
by Proposition 14.71 with i b, j <— n. Indeed, to ^ ^(6) — 1 since to > tp(i) 
and i < k < b implies ^>(i) > tp(b), while n ^ ip(k) since k £ [i, Ji]- It remains 

J2.2Q[ 

to note that [u[i, b]~, u[n + 1,to]] ~ [u[n + 1, to], u[i, b]~] = by the inductive 
supposition with k <— n + 1, j <— b, for now n + l/i, m^i, tp(n + 1) = n ^ [i, 6], 
^ [i, 6], and of course to ^ + 1) = n = j, 6 ^ ip(i) > n. 
Similarly we consider the case i = n + 1. In this case m G [i,j] = [n + 1, j], for 
k < ip(i) — n < i. Moreover, j =/= n, for n + 1 — i < j. Hence still [u, z~] = 0; that is, 
the second addend in (|9.Ij) equals zero, and by means of (|2.19j) we contimue (|9.Ij) : 

(9.4) = [u, [[v, w],z~}} = [it, [v, [w,z~]}} +p ZiW [u, [[v,z~],w]]. 

Arguments in f|9.2|) show that here the second addend is zero. Since [u, w] = 
[u, z~~ ] = 0, we have [u, [w, z~]] = 0. Hence conditional identity (|2.5p implies that 



the first addend in (|9.4[) equals 

(9.5) [[u,v], [w,z~]} = [u[k,n], [w,z~]]. 

By downward induction on t we shall prove the following equation: 

(9.6) [u[t, m],u[t,j]~] = ^2 ot a h t ^ a -iu[a,j]~~ -u[a,m], 

a=t+l 

where n < t, fj, = min{TO, j}, ^ a a £ k, and by definition it[/i + I, /i] = 1. 

If t = j or t = to the equation follows from (|4.22|) and (|4.23|) . In the general case 
by the main inductive supposition we have [u[t, to], u\t + I, — 0, for t =/= t + 1, 
to 7^ j, ip(t),ip(m) £ [t + Therefore 

[u[t,m],u[t,j]~] = [u[t,m],[xt,u[t + l,j]~]] 

^2 ^ (|4:.22| i 
= [[u[t, m], Xf]], u[t + ~ [ft* • «[t + l,m],u[t+ l,i]~]. 

To prove (|9.6j) it remains to apply f|2 . 14|) and the inductive supposition for downward 
induction. Here the new coefficient a t +i is nonzero since X* +1_> ''' (/it) = 7^ 1- 
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Equation (|9.6j) with t = n + 1 implies 



m+l 



(9.7) [it[fc, n], [w, z 

a— n+2 

By Proposition 14.71 with i <— n, j <— a — 1 we have [u[fc, n], u[a, m]] = 0, for 
m 7^ tp(n) — 1 = n since m > i = n+1, and a — 1 7^ ^(fc) since a — 1 < m < j < ip(k). 

Due to (|2.12j) it remains to note that n], u[a, = by the inductive 
supposition with to <— n, i <— a, for now n 7^ j, k 7^ a, tp(k) ^ [ot,j], ip(n) = n+l 
[a,j], and n 7^ V'(^) > n i 3 ' ^"( a ) < n - 

B. In this case ip(k), ip(m) ^ j], hence by Corollary (|4. 1 2[) we may suppose 
that either k G or m € Application of ^ shows that the option B is 

equivalent to 

(9.8) < ip(i) < k < m, or k < to < tfj(j) < ip(i). 

In particular again due to Corollary (14.12[) we may suppose that either i G [k, to] 
or j £ [k,m], for (|9.8|) implies tl>(i),ip(j) ^ [7c, to]. Since i ^ k, j 7^ m, it remains 
to consider two configurations: k < i < to < j and i < k < j < to. Moreover, the 
substitution i o k j O to transforms the original conditions B to equivalent form 
(I9.8[) . Therefore it suffices to consider just one of the above configurations. 

Suppose that k < i < to < j. In this case Proposition I4.6I with k 4— i, m <— j, 
i <— i shows that u[i,j}~ — [x~,u[i + unless i = ip(j) — 1. If i 7^ ip(J) — 1, 

then by the inductive supposition we have [u[k, m],u[i+ = 0, for now k < i, 

to 7^ j and ip(k), ip(m) ^ D [i + Hence by (|2.5|) and (|4.22|) we have 

[u[k, to], [x~ , u[i + 1, = [u[k, to], x~], u[i + 1, — 5™ ■ [u[k, to — 1], u[i + 1, j]], 

for i 7^ k, i 7^ ^(fc), i 7^ ip(m), see original conditions B. At the same time if 5™ 7^ 
(that is m = i), then [m[/c,to — l],it[i + = by Proposition 14.71 with to j, 
i <— m — 1, j <— i = m, for j 7^ tjj(k), j 7^ ^( TO — 1) ~ 1 = ' i /'( TO )7 i = m ^ ^{k) due 
to the original conditions B. Thus, it remains to check the case i = tp(j) — 1. 

Equality i = tf)(j) — 1 with k < i < m imply fc < "00) ^ TO i this contradicts to 
(|9.8p . Hence in this case we have i = m. Moreover, k < i implies 

ip(k) > ip(i) — ip(ip(J) — 1) = j + 1 > i = m. 

In particular tj)(k) 7^ to— 1. Hence by Proposition ^. 61 with i m we have to] = 
[u[k, to — 1], x m ]. Corollary 14. 121 implies both [u[k, to — 1], u[i, — and [u[k, m — 
+ ] = 0, for to - 1 = i - 1 ^ [i, j] D [i + l,j], ^>(m - 1) = ^(z - 1) 
= ip(ip{j) - 2) = j + 2 ^ [i,j] D [i + Thus by ([23]) and PTT2]) we have 

ki[fc,TO],u[«, j]~] = [[w[/c,to - l],x m ],u[i, j]"] = [u[fc,TO - 1], [xi,u[i,j] - ]] 

= [u[k, to — 1], hi ■ u[i + 1, ~ hi ■ [u[k, to — 1], u[i + 1, J] - ]] =0. 
This completes the proof. □ 

Proposition 9.2. Let i ^ k, j ^ m, k < m, i < j. If ip(j),ip(i) ^ [fc, to] or, 
equivalently, i,j £ [ip(m),ip(k)}, then in U q (s02n+i) we have 

[u[k,m\,u[i,j}~] = 0. 
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Proof. Substitution i k, j to transforms the conditions of Proposition 19 . 21 to 
the conditions of Proposition 19. II Let us apply Proposition 19. II with i <-> k, j <-> m 
to the mirror generators yi = ■p~^x~ , y~ = —X{. We get [u[i, j] y , u[k, m]~] = 0. 
However u[i,j] y ~ u[i,j]~, u[k,m]~ ~ u[k,m]. It remains to apply (|2.20|) . □ 

Proposition 9.3. Let i ^ k, j ^ to. If 

(9.9) ip(j) <k< ip(i) < to 
or, equivalently, 

(9.10) ij}(m) < i < tp(k) < j 
then in U q (s02n+i) we have 

(9.11) [u[k,m],u[i, ~ h k ^ {i) u[ip(k) + ■ u[ip(i) + 1, to] 

provided that ip(m) ^ i or ip(k) ^ j. Here by definition we set u[j + l,j'] _ = 
u[m + 1 , to] = 1. 

Proof. We note that condition (|9.9p is equivalent to the condition (10. 10)) since ip 
changes the order. Let u = u[k,ip(i)], v = u[ip(i) + 1,to], w~ — u[i, tp{k)]~ , t~~ = 
u[ip(k) + Of course v = 1 if to = ?/>(«), while t~ = 1 if j = ijj(k). By Lemma 

18.21 we have 



(9.12) [u,w~] = [u[k,^{i)],u[i,ip{k)]-] - 1 - h u , 
while Proposition 19.11 with k 4- ip(i) + 1, i -<— ^>(fc) + 1 shows that 

(9.13) M~] = [u[V>(*) + i,HuM*) + i,j]-]=o, 

for V( m )i V'CV'C*) + 1) = * — 1 ^ [V'(fc) + l)i] due to (I9.10p . At the same time 
Proposition 19.11 with m <— ^(i), i <— ijj(k) + 1 implies 

(9.14) [u,t~] = [u[k,i>(i)],u[il>(k) + 1J}-} = 0, 

where k ^ n + 1, j ^ ?/>(i). Indeed, ip(ip(i)) = i, ip(k) £ [ip(k) + 1, j] due to (j9"7TUl) . 
while fc ^ i/j(k) + 1 due to k ^ n+ 1. Similarly Proposition 19.21 with fc <— -0(i) + 1, 
j <— ip(k) shows that 

(9.15) [v, w~] = [u[ip(i) + 1, m], ?/>(fc)] _ ] = 0, ifi^n + l, m=/=tp(k), 

for ip(ip(k)) = fc, V'(i) ^ [?/>(*) + !' TO ] due to (I9.9[) . while ?/'(*) + 1 7^ * due to i ^ n+1. 

We shall prove firstly the proposition when the parameters are in the general 
position; that is, when i, k ^ n + 1, i ^ m + 1, k ^ j + 1, m ^ ijj(k), j ^ ijj(i). 

By Proposition 14.61 with i <— ip(i) we have u[k, to] = [tt, v] provided that m > 
ip(i) ^ ip(m) — 1, for ip(i) ^ Tp(k). The same proposition with k <— i, to 4— j, 
i V'(fc) shows that it[i,j] _ = [w~ ,t~] provided that j > ip(k) 7^ ip(j) — L In 
particular if in the general position we have additionally ip(i) ^ m, ip(k) ^ j, then 
u[k,m) = [u,v], u[i,j]~ = [w~,t~], and all relations (|9.12l — 19. 15[) hold. Hence we 
have the required proportions 

[[u,uJ,[io ,r JJ ~ [[[u,w \,t \,v\ — [n u -t ,v\ ~ • «. 

The omitted coefficient after the application of (|2.26l) is x t [hu) — 1, while 

v t~fU \ — + I h \ — -J >( - k ^+ 1 ^ { h \ — l.J'^^h- 1 — -A 1 

X I'M - X- \nk^(j)) - X- [n<i-yii>(k)) = (Mi ) - 1 T 1 
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due to definition (|4.7|) and relations (|4.9j) and (|4.11|) . Similarly the omitted coeffi- 
cient after the application of (|2.15|) is 1 — x"(/i«), while 

X ^ hu ) = X^ ) + ^ m (h k ^ {i) ) = = q- 2 ^ 1. 

If in the general position we have tp(i) — m, if)(k) ^ j, then u[k, m] — u, u[i, j]~ — 
[w~,t~], [it, i — ] = 0. Hence we again have the required relation 

r r - ,--,1 Bl rr -i ,-1 B) , ,_ 

[it, [tw ,t JJ - [[it, w ],t J ~ /i u -i 

with the omitted coefficient x* (/in) — 1 = Q 2 — 1- Similarly, if in the general position 
we have ^>(z) 7^ m, ip(k) = j, then it[fc, m] = [u, v], u[i, j]~ = w~ , [i>, w~ ] = 0, and 

(9.16) [[n,i>J,iu J ~ [[u,u> J,wJ = (1-g )h u -v. 

This completes the proof if k,m,i,j are in the general position. Consider the 
exceptional cases. 

1. k = n + 1. In this case i ^ n + 1, for i ^ fe. In particular by (|9.15p we have 
[v, w~] — 0. Moreover i 7^ m + 1, for ip(j) < n + 1 < < to and ip(m) < i < n < j 
imply i < n < to. Hence u[k, to] = [it, v] if to 7^ ip(i), and u[fc, m] = it otherwise. 

1.1. If j = n, then u[i,j]~ — w~ , for j = ?/>(fc) = n. Moreover we may assume 
m 7^ V'(i) (otherwise one may apply Lemma I8.2|) : that is, it[fc, m] = [tt, v]. Now 
algebraic manipulations (|9. 16|) prove the required relation 

(9.17) [u[n + l,m],w[i,n]~] ~ /i„+i_>.0(i) ■ u[i/j(i) + l,m], ip(i)<m. 

1.2. Let j = n + 1. By definition (|4.12l) we have it[t,j]~ = [u[t, n]~, x~ +1 ], 
and of course x~ +1 = x~. Hence Jacobi identity (|2.22[) and (|4.22p show that 
[u[k, to], w[i,i] _ ] is a linear combination of the following two terms 

[[u[n+ l,TO],it[i',n]~],x~ +1 ], [h n+1 ■it[n + 2,m],u[i,n]~]. 

We claim that the former term equals zero. Indeed, if ip(i) = to, then by Lemma 
18.21 we have [it[n + 1, to], u[i, n]~] ~ 1 — hi^ n . However 

X n+1 (ht^ n ) = X n ij9n-lfn-l9nfn) = Pnn-lPn-lnPnnPnn = 1- 

Hence (|2.26[) shows that the former term equals zero. If ip(i) < to, then by (|9.17[) 
we have [it[n + 1, m],it[i, n]~] ~ /i n +i->-iK») ■ u[ip(i) + 1, to]. Since ip(i) > k = n + 1, 
Lemma l2~2l implies [u^i) + 1, m],x~, ]J = 0. At the same time X n+1 (/in+i-»>(i)) — 
X n+1 (hi^ n ) = 1. Thus (|2.15p reduces the former term to zero. 
To find the latter term we note that 

X^ n (h n +l) = X n ~ 1 (gnfn)x n (gnfn) = Pn n- lPn-l nPnnPnn = L 

Hence by (12 . 15[) the latter term is proportional to h n +i ■ [u[n + 2, to], u[i, n}~]. Since 
the points k' = n + 2, to' = to, i 1 = i, j' = n are in the general position, we may 
apply (EH): 

[u[n + 2, to], u[i,n]~] ~ h n+2 ^(i) u[n,n]~ ■ u[ip(i) + l,m], 
which is required, for u[n,n]~ = u[n + l,n+ 1]~ = x~, and /t n +i • h n+ 2->-ii><i) = 
/in+i-^VW" 

1.3. Let j > n + 1, i < n. By definition (14. 12|) we have u[/c,to] = [x„-|_i,it[n + 
2, to]]. Relation (|4.23[) shows that [x n +i,u[i, = 0. Hence conditional identity 
(|2.5j) implies 

(9.18) [w[fc,TO],u[t,j] _ ] = [x n+ i,[u[n + 2,m],u[i,j]-]]. 
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At the same time the points k' = n + 2, to' = m, i' = i, j' = j arc in the general 
position. Moreover i < n implies ip(i) + 1 > n + 2, hence [x n +i, u[tp(i) + 1, m]] = 
by Lemma [O] This allows us to continue (ling)) applying ([2321 . ([23)1 : 

~ [x„ + i,/i n+2 -y^(j) u[n,j]--u[i/j(i)+l,m]] ~ /i n+2 ^,/>M fcn+l, j]~]-u[tjj(i)+l, to], 

which is required due to (|4.23j) . 

1.4. Let j > n + 1, i = n. In this case by definition (|4.12|) we have u[i,j]~ = 
[x~,u[n + Jacobi identity ()2.22j) and (|4. 22|) show that [w[fc,m],u[i,j']~] is a 

linear combination of the following two terms 

[h n+1 u[n + 2,m],u[n+ [x~, [u[n + l,m],u[n+ 

Proposition 19.11 implies [u[n + 2,m],u[n + = 0, for both ip(n + 2) = n — 1, 

and ip(m) are less than n + 1. At the same time 

X n+1 ^(h n+1 ) = X m ^ n (hn) = X n - 1 (9nfn)x n (9nfn)=Pn-lnPnn-lpL = 1- 

Hence by (|2.14[) the first term equals zero. Due to (I9.6[) the second term takes the 
form 



(9.19) 



a=n+2 

where fi — min-jj, m}. By Lcmma [2.2l we have [x~, u[a, to]] — for all a. At the same 
time [x~ , u[a, j]~ = for all a > n + 2, see Lemma |4.2[ while [x~,u[n + 2,j]~ = 
u[n+l, j]~ since x n — %n+i- Hence in (|9.19|) remains just one term that corresponds 
to a = n + 2. By (12.121) and ( 12.91) this term is proportional to 

h n+1 u[n + ■ u[n + 2, m], 

which coincides with the right hand side of (|9.11j) with k = n + 1, i — n. 

2. k = j + 1. In this case inequality ip(j) < k reads ip(j) < j + 1, or, equivalently, 
2n — j + 1 < j + that is, j > n. If j = n, then we turn to the considered above case 
k = n+1. Thus we have to consider just the case j > n. In this case k = j+1 > n+1, 
and j = k — 1 < 0(i) since by the conditions of the proposition we have k < 0(i). 

We shall prove firstly by downward induction on i with hxed j, k the following 
proportion 

(9.20) [u,u[i,j}~] ~ h k ^(i) u[tp(k) + 

If i = ip(k) then (|9.20|) follows from (|4.23l) . Let i < ip(k). In this case by Proposition 
we have u = [u[k,tp(i) — l],xt], for k > n. At the same time Proposition 
implies [u[k,tp(i) — l],u[i, = since "00) < n < j = k — 1 < fc, and 
"4>{j),i}{i) ^ [fc, "0(0 — !]• Hence conditional identity (I2.5[) with (|4.23l) show that 

K«[j, = [u[k,ip{i) - 1], [xt,u[«, j] - ]] - [u[fc, - • u[i + 1, j] - ]- 

This relation, after application of (I2.12j) . and the inductive supposition imply (|9.20l) . 
for hi = h^j, - 1 = tp(i + 1). 

If to = ip(i) then m] = u, while (|9.20p coincides with the required (|9.11l) . 
Let to > In this case u[k,m] = \u,v], for k > n, see Proposition 14.61 Lemma 
12.21 shows that [v,u[i,j}~] — 0; indeed, v = u[ip(i) + l,m] depends only in x s with 
s < i, while u[i, j]~ depends only in xj with i < s < n, for j < ip(i). We have 

(9.21) [[u,v},u[i,j]-} [[u,u[i,j]~],v] [h k ^^^ u[ip(k) + l,j]~,v]. 
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Again by Lemma 12.21 we get [u[ip(k) + l,j] , v] = 0. Therefore we may continue 
PI) applying (|2"T3]) : 

~ (1 - X v {h k ^(e,))h k ^(i) u[ip{k) + ■ v 

which is required since by definition v = u[ip(i) + 1, m], and 

3. i = n+ lori = m+ l. Conditions of the proposition are invariant under 
the transformation i •<->• fc, j m. At the same time this transformation reduce the 
condition "i = n + 1 or i = m + 1" to the considered above cases 1 or 2. Hence for 
the mirror generators yi = p~^x^ ", y^ = — xi we have 

[u[i,j}y,u[k,m}~] ~ h k ^ {i) u[^(i) + l,m]y -u[^(k) + l,j] y . 

However u[a, b] y ~ it[a, 6] _ , it[a, &]~ ~ it[a, 6]. It remains to apply ()2.20j) and to note 
that by Proposition 19.11 the factors in the right hand side of (|9.11j) skew commute 
each other, for rp(m) < i < ip(k) < j implies i/)(m), ip(ip(i) + l) = i— 1 ^ [ip(k) + l,j]. 

4. j = ip(i). If also to = i/j(k) then (|9.9I) reads i < k < < i/j(k), where 
the first and the last inequalities are not consistent provided that i =/= k. Hence we 
assume to ^ i>(k). Denote for short 

u = u[k, m], v~~ — u[n + 1, j]~ , w~=u[i,n]~. 

By definition (|4.12|) we have u[i,j]~ ~ [v~,w~]. 

If k < n then ip(k) £ [i,n]. We have also ip(m) £ [i,n], for Eq. (|9.9j) with 
m 7^ j ' = ^(*) hnply tp(m) < i. Hence by Proposition 19.11 with j <— n we have 
[it, it) - ] = 0. At the same time ip(j) < k < ip{n + 1) < to, VK 71 + 1) ^ J- Therefore 
already proved case of the proposition with i <— n + 1 implies 

[it, v _ ] ~ /ifc_^ n it[^(fe) + 1, j] - • u[n + 1, m\. 

Taking into account Jacobi identity f|2 .22[) we have 

(9.22) [it, [v~, w~]] — [[it, i> _ ], iu~] ~ [/it-HiBj^fc) + 1, j] - • u[n + 1, m],w~]. 

The second statement of Proposition 14.71 with k i, i <— n, j <— ip{k), m ^— j 
implies [u[ip(k) + w~] = 0. Indeed, the conditions of Proposition 14.71 under 

that replacement are: j ^ ip{n) — 1, tp(k) ^ ip(i), and n ^ tfi(ip(k)) — 1. They are 
valid since j = ip(i) > n, k ^ i, and k < n respectively. Further, using Definition 
14.41 and representations (|4.8I) . (I4.9[) . we have also 

2— >n / 7 \ 7-) / 1 / n\2 n,k— 1 2 —2 -i 

X (,/lfc-m) = it-m,k-m-nfe-m,i-m = {?k) N =Q '9 = l - 

Hence ad-identity (|2.8[) and identity (|2.14[) imply that the right hand side of (I9.22|) 
equals 

hk^nu[ip(k) + 1, j]~ • [u[n + 1, to], u;~]. 

Here ip( n ) = ti + 1 < V'C*) ^ m - Hence we may again use already proved case of the 
proposition with k <— n+1, j n. This yields [u[n+l, to], ~ /'in+i^jitfl+j, m], 
which proves (|9.1ip . for h^ n ■ h n+ i^j = h^Mi) m the case j = tp(i). 

If fc > n then in perfect analogy we have [w - ,it] ~ [u,v ] = 0, while [w _ ,it] 
~ [it, w~] ~ /ife^j?i[l + V'(fc), • u [l + i) to]. Therefore 

[it, [w _ , if - ]] ~ [[w _ , w _ ], it] = [v~ , [it; - , u]] 
~ /i fc ^[i ,_ ,w[l + '0(fc),«] _ ] •w[l + i,m], 
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since [v ,u[l + j, m]] ~ [u[l + j, m],v ] = according to Lemma [2.21 We have 
+ xl>(k) t n]~] ~ u[l + ip(k),j]~, see Lemma [4.51 This completes the case 

j = 

5. m — ip(k). By means of the mirror generators one may reduce the consider- 
ation to the case j = ip{i). The proposition is completely proved. □ 

Definition 9.4. A scheme (|7.1j) is said to be strongly white provided that the 
following three conditions are met: first, it has no black-black columns; then, the 
first from the left column is incomplete; and next, if there are at least two complete 
columns, then the first from the left complete column is a white- white one. 

A scheme (|7.1j) is said to be strongly black provided that the following three 
conditions are met: first, it has no white-white columns; then, the last column is 
incomplete; and next, if there are at least two complete columns, then the last 
complete column is a black-black one. 

A scheme is said to be strong if it is either strongly white or strongly black. 

Alternatively we may define a strong scheme as follows. Let S'-scheme be a 
scheme that appears from the S-scheme (|6.2p by changing colors of the first and 
the last points. Then ST-scheme is strongly white (black) if and only if both 
ST-scheme and ST'-scheme have no black-black (white-white) columns. 

We stress that the map p defined in Lemma 17.31 transforms strongly white 
schemes to strongly black ones and vice versa. Therefore the ST-scheme is strong 
if and only if the S*T*-scheme is strong. Similarly, the <ST*-scheme is strong if and 
only if the S*T-scheme is strong. 

Theorem 9.5. Suppose that S, T are respectively (k,m)- and (i, j)-regular sets. If 
ST- and ST* -schemes are strong, then [$ s (fc, to), $^(i, j)] = 0. 

Proof. Without loss of generality we may suppose that both schemes are strongly 
white. Indeed, the mirror generators allow us, if necessary, to switch the roles of S 
and T, while Lemma 16.51 and Lemma 17.31 allow us to find a pair of strongly white 
schemes. Moreover, once ST- and ST*-schemes are strongly white, Lemma 16.51 
allows one to switch the roles of T and T* . Thus, without loss of generality, we may 
suppose also that T is white (i, j)-regular. 

1. Assume S is white (fc, m)-regular. We shall use double induction on numbers 
of elements in SO [fc, m) and in TC\ [i, j). If both intersections are empty then i =/= fc, 
j =/= m, for ST-scheme is strongly white. 

k m k m 

O ■ • • D o o • oo o o ■ * • o o • 

1 j ijj(j) ip(i) 

o o o ■ • • a • o 

Similarly fc, m for ST*-scheme is strongly white. Hence Proposition 

19.11 applies. 

If s € S n[fc, to), then by Lemma llOl we have $ s (fc, m) ~ [$ s (l+s, to), $ s (fc, s)}. 
It is easy to see that S S T- and S s T*-schemes (the schemes for the pair $ s (fc, s), 
are still strongly white, while S is still white (fc, s)- and (1 + s, m)-regular. Hence 
the inductive supposition implies [$ s (fc, s), j)] = 0. By the same reason 
[$ s (l+s, to), = 0. Now Jacobi identity (j2 . 19[) implies the required equality. 

It remains to consider the case Sfl [k,m) = 0; that is, $ s (fc, m) = u[k,m]. If 
t e T n then by Lemma [6T91 we have j) ~ +t, j), $ T (i, t)}. In this 

case T is still (fc, s)- and (1 + s, TO)-regular, while ST*-scheme is strongly white. At 
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the same time ST^^-scheme is not strongly white only if ip(t) — l = k — l (the first 
from the left column is complete). 

Hence by the inductive supposition we have [$ (k, m),$^(i,t)] = with one 
exception being ip(t) — k. Similarly [$ s (fc, m), $^(1 + 1, j)] — with one exception 
being ip(t) — 1 = m. Hence, if in the set T n there exists a point t ^ i/>(k), 
t ^ ip(rri) — 1, then Jacobi identity (I2.22[) implies the required equality. Certainly 
if T fl has more than two elements then such a point does exist. 

If T n has two points then there is just one exceptional configuration for 
the main ST*-scheme: 

k rn 
o o o o o • 

i/>(j) tp(i) 
o • ••• • o • • • • • •• o •••• • 

In this case T D — {^1,^2}, where ^(^2) — 1 = fc — 1, ip(ti) — 1 = m. Let 
a = & s (k,m) — u[k,m], b~ = &t_(i,j), Uq = u[i,ti]~ = u[i,ip(m) — 1]~, = 
u[l+ti } t 2 ]~ = [ip(m), tp(k)]~ , u 2 = u[l+t%,j]~ = u[l+tb(k), Using Lemma l6.9l 
twice, we have b~ ~ [[u^u^JjUq ]. Lemma 18.21 implies [a, u7] ~ 1- h a . Inequality 
ip(m) < ip(k) implies both ip(m),ip(k) £ [i,ijj(m) — 1] = [i,ti] and ip(m),ip(k) £ 
[1 + tjj(k),j] = [1 + t2,j]. Therefore by Proposition 19.11 we have [a, Uq] = unless 
m = ijj(m) — 1, and [a, uj] = unless k — 1 + ip(k). At the same time fc = 1 + tp(k) 
implies k = n + 1, and hence n = ^>(fc) = £2 G T n [i, j), which is impossible, 
for T is white (i, j)-regular. Similarly, m = ip(m) — 1 implies m = n, and hence 
n = ip(m) — 1 = ti G T fl j), which is wrong by the same reason. 
Taking into account the proved relations, we may write 

[a,b~] - [a, [[% ^ >%]])%] 

Here we have applied inhomogeneous substitution (|2.25[) to the left factor in the 
brackets. Proposition 14.71 with k <— i, m <— j, i <— ti, j t 2 implies [w2~> u o] = 
provided that j ^ j 7^ ip(ti) — 1, fa i= V*(*)) an d *i ^ — 1- The first 

inequality is valid since T is (i, j')-regular. The second and third inequalities are 
equivalent to j ' ^ m and ip(k) 7^ ^(z) respectively. However j ^ m and k ^ i are 
valid, for the main ST-scheme is strongly white. The equality t\ = ipit-z) — 1 is 
equivalent to m = £2, while in this case on the ST-scheme we have a black-black 
column. 

If T H = {t} then there are just two exceptional configuration for the main 
ST*-scheme, where ip(t) = k in case A, and ip(t) = m + 1 in case B: 

k m k m 

o o o o • o o o o o • 

A : i>U) V>M ' B : VKi) 4>(i) 

o • • o • • • o • • o • • 

In case A we keep the above notations a = u[k,m], b~ = = u[i,t]~, 

= u[l + t,j]~. Lemma implies b~ = [u^,Ug ]. We have ip(m),ip(k) £ [1 + 
= [l + tp(k),j]. Moreover k ^ 1 + t, for otherwise the first from the left complete 
column on the main ST-schemc is white-black which contradicts the definition of 
a strongly white scheme (here t ^ j and therefore the scheme has at least two 
complete columns). Hence Proposition 19.11 implies [a, u^] = 0. Since tp(t) = k < 
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ip(i) < m, Proposition 19.31 shows that [a, u ] ~ hk^^u[ijj(i) + l,m]. Thus we get 
[a, b~] = [a, [ui,Uq ]] [% , [a, Uq]] ^fe-s-vW ["iT j + = °- 



The latter equality follows from antisymmetry identity (|2.20[) and Proposition ^. II 
Indeed, ^(i) +1^1+4=1 + 'ijj(k), for i ^ k, while in configuration A we have 
iP(m), ^(i) + l) ^ [1 + t.j] since ^(i) + l,m £ [V>(j), V>(1 + *)] = 
This allows one to apply Proposition 19. II 

In case B we consider the points kl = ip(m), vnl — ?/>(fc), i' — j' = ip{i), 

and t' = ip(t) — 1 = m. These points are in configuration A. Therefore we have 

[u[k\ mf], ^(i',f)] = 0. Let us apply gk-tmfi->jO~, where a is the antipode. Using 
properties of the antipode given in (|2.48|) . f)4. 13[) . (|6.11[) we get the required equality. 

2. If S is black (fc, m)-regular, but not white (fc, m)-regular, then n £ [fc, m), and 
n is a black point on the scheme S. Lemma loTSl implies $ s (fc, m) = n), $ s (n+ 

l,m)]. By definition S, as well as any other set, is white (k,n)- and (n + l,m)- 
regular. Since ST- and 5'T*-schemes are strongly white, the point n is not black 
on the schemes T, T* . At the same time n is a white point on T if and only if it 
is a black point on T* . Hence n does not appear on T,T* at all, n ^ [i — In 
particular S n T-, and S , ™T*-schemes (the schemes for the pair $ s (fc,n), $>^(i,j)) 
are still strongly white. The above considered case implies [$ (k,n), j)] = 0. 
By the same reason [$ s (n + l,m),$!;(i,j)] = 0. It remains to apply Jacobi identity 



10. Proof of the main theorem 
Lemma 10.1. Let k < s < n. If s £ S, then 



(10.1) 



$ S (fc,n),$ s (fc,s) -$ s (l + .s,n 



where S is the complement of S with respect to [k,s). 

Proof. By Lemma [6.91 we have & s (k,m) = [$ s (l + s, n), $ s (fc, s)l . At the same 
$ s (l + s, n), $_(s, n) =0 due to Lemma [2~2l Taking into account Theorem 



time 



18.11 we have 



[$ S (l + s,n),$ S (fc,s)] ,$£(*:, s) 



H3J r 



$ s (l + s,n), $ s (fc,s),$^(fc,s) 



$*(1 + s,n) 



where the coefficient of the proportion equals 1— x 1+s ^"(^fc^s) = 1 — Mfc '* = 1 — 9 2 ? 
see (gU). □ 

Lemma 10.2. Let i ^ k, m < n. If the S™T™ -scheme has only one black-black 
column (the last one), and the first complete column is white-white then 



(10.2) 



[^ s (k,m),^(i,m)] = a b ^(i,b)-^> s (k,b), 



b=v-\ 



where v = maxji, fc}, while on, ^ if and only if the column b is white-white. Here 
by definition <& s (fc, fc — 1) = i — 1) = 1. 
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Proof. For the sake of defmiteness, assume that k < i (if i < k then the proof 
is quite similar). We use induction on the number of white- white columns on the 
S^T™- scheme. If there is just one white- white column then this is the first from the 
left column labeled by i — 1. Moreover all intermediate complete columns are white- 
black or black-white. Hence Theorem [8Tl implies (i, to), $^(i, m)l ~ 1 — hi-^ m . 
By Lemma 16.81 we have & s (k,m) = [$ s (fc, i — 1), $ s (i, to)] . At the same time 
[& s (k, i — 1), $^(i, to)] = due to Lemma [2T2l Hence 

[[$ s {k,i - l),<S> s (i,m)] ,$^(i,m)] 

*P [**(*, i - 1), [$ s (i, m), (i, m)]] $ s (fc, j _ i), 

which is required, for the coefficient of the proportion equals 1 — -^k^n-i (/ li ^ m ) — 
1 — M™' 1- = 1 — 7^ (recall that to < n). 

To make the inductive step, let a be the maximal white-white column. Then 
all columns between a and to are black-white or white-black. Hence Theorem 
18.11 implies [$ s (l + a, to), 4>^(1 + a, to)] ~ 1 — /i 1+a _> m . Let us fix for short the 
following designations: 

u = $ 5 (fc,a), v = $ 5 (1 + a, to), w~ = $^(i,a), = $^ (1 + a, to). 

Then by Lemma [6.81 we have & s (k,m) = [u,v], <&T(i,m) = [u> - ,i - ]. Lemma [2.21 
implies [it, i~] = [f,w~] = 0. At the same time ~ 1 — hi +a ^ m , while [u, w~] 

equals the left hand side of (|10.2p with to <— a. Applying inductive supposition 
to we see that [[u, iu _ ],i~] = 0. Indeed, we may apply inhomogeneous 

substitution (|10.2I) to the left factor of the bracket. Then for each b < a we have 
[$ s (k,b),t-] = by Lemma HH while b), t~] = due to Lemma l4~2l 

Additionally, using (|2.25l) with Xi <— v, x~ t~, we have [w~ , [v,t~]] ~ w~ , for 

X w ~(9vft) = (ACT 1 =9^1 according to 
All that relations allow us to simplify (|2.24p : 

[[u, v], [to - , t~]\ ~ [u, [tu - , [i>, t - ]]] = u • w~ — p(u, w~vt~)w~ ■ u 

(10.3) = [u, w~] + p(u, w~)(l — p{u, vt~))w~ ■ u. 

Here we apply inhomogeneous substitution to the right factor of the bracket. By 
this reason we have to develop the bracket to its explicit form. We have p(u, vt~) 
= p(u,v)p(t,u) = /J™' a = q~ 2 7^ 1. Thus inductive supposition applied to [u,w~] 
shows that (jl0.3[) is the required sum. □ 

Lemma 10.3. Let S be a black (k,m) -regular set, k < n < to. We have 

(10.4) e~ ® e° <8 id f [$ 5 (fc, to), $£(*;, n)] W 0. 



This nonzero element has degree [ip(m) : n] = [n + 1 : to]. Here e , e° are the 
counits of U~ and k[iJ] respectively, the tensor product of maps is related to the 
triangular decomposition <\3. 1\ , while S is a complement of S with respect to 

[k,n). 

Proof. Let us fix for short the following designations: 

u = $ 5 (fc,n), v = $ 5 (1 + n, m), w~=$£(fc,n). 
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By Lemma 16.81 we have & (k,m) 



[u,v], while Jacobi identity (|2.19[) implies 



that $ s (k,m),$?_(k, n)\ is a linear combination of two elements, [it, [v, w }} and 

[[u, w~], v]. The latter one equals zero since due to Theorem 18.11 we have [u, w~] ~ 
1 — h v , and coefficient of ()2.26|) with Xi <— u, <— w~ , u <— v is X v (9ufw) — 1 



m,n 

Mfe 



(10.5) 



1=0, see (|4.9[) , (|4.11l) . Further, due to Proposition 16 . 51 we have 
[v,W~] ~ [$^ ZT (V'(m),n),$^(fc,n) . 



Let us show that we may apply Lemma 110.21 to this bracket. If a G [k, n) is a 
black point on S then a is a white point on S. If additionally a G [ip(m),n) then 
tf>(a) — 1 G [n,m). Moreover since S is black (k, m)- regular, the point ip( a ) — 1 is 
black on S. Hence a — tp(ip(a) — 1) — 1 is a white point on ip(S) — 1. Thus the 
ip(S) — 1 ^(m) •S'fc-scheme has no black-black columns except the last one. The first 
from the left complete column is labeled by v — 1, where v = max{^(m),fc}. If 
ip(m) < k then ijj(k) is black on S, see (|6.8|) . hence k — 1 = ip(ip(k)) — 1 is white on 
tp(S) — 1. If fc < ?/>(m) then ^(m) — 1 is black on S 1 , see (|6.7|) . hence ^>(m) — 1 is white 
on 5. Thus in both cases the first form the left complete column is white- white. By 
Lemma 110.21 we may continue (|10.5[) : 

n—l n — l 

(10.6) = <*b®l{k,b) ■ Q+ffi^Mm^b) = Yl a b w b' v b- 

b=v-\ 



b=v-l 



In order to find [u, [v, w~~ ]] we would like to substitute the found value of [v, w~]. 
However this is inhomogeneous substitution to the right factor of the bracket. 
Therefore we have to develop the brackets to their explicit form and analyze the 
coefficients. We have 

p(u, vw~)p(u, w^Vby 1 = p(u, v)p{u, v b y 1 p(w, u)p(wb, uy 1 

= Pk^n,l+n^-4>(b)-lPl+b^n,k^n 

jj jj _ «/>(&)— l,n 

— ^fe-HZjl+n-M/^b)-!-* l+n->^>(6)-l,fe->n — Mfe j 



see definition (|4.7j) . Relations (|4.9II4.11I) show that fj% 



4>{b)-l,n 



lib 



k - 1 then fii (b) - hn 



1 unless b 



q 2 , see (|4.10|) . Thus all brackets [i 



- 1. 

■v b ] 



have the same coefficient as [u, vw~] does with only one exception being b = k — 1. 

If k < ip(m) then of course b ^ k — 1, for b > v — 1 = ip(m) — 1 > k. Hence in 
this case by ad-identity (|2.9[) the element [u, [v, w~]\ splits in linear combination of 
two sums: 

(10.7) 

and 
(10.8) 



n-1 

£ 

b— Tp(m) — 1 



n-1 



«6 



$ s (fc, n), $^(fc, 6) • ^^(^(m), b). 



<*&$_(M)- $ s (fe,n),$*^- 1 (V(m),6) 

fa— i/>(m) — 1 



By Lemma IIP. II we have $ s (fc, n), $_(fc, 6) ~ $ s (l + 6, n), for b is a white point 

on S (otherwise a b = 0). In particular all terms in (|10.7j) belong to the positive 
quantum Borel subalgebra, and hence application of e~ ® e° ® id does not change 
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this sum. Application of e ® e° ® id to (|10.8|) kill all terms, for e ($^(fc, b)) = 0, 
b > k. Thus the left hand side of (|10.4p takes up the form 

n-1 

(10.9) a<$> s (tP{m),n) + ^ a b $ s (l + 6, n) • ^^"^(m), 6), 

where a = aw m )_i 7^ 0. We may decompose all terms in this expression using 
definition ([6. II) . As a result we will get a polynomial, say F, in j], 1 < i < j < n. 
It is very important to note that all first from the left factors u[i, j] in all monomials 
of F satisfy i > ip(m) with only one exception, a u[ip(m), n], coming from the first 
term of (110. 9| . In particular j] < u[ip(m),n] (recall that x± > X2 > ■ ■ ■ > x n , 
while words in X are ordered lexicographically). Hence further diminishing process 
of decomposition in PBW-basis (see [3j Lemma 7]) produces words in u[i, j], j < 
that start with lesser than u[ip(rn),n] elements. This means that au[ip(m),n] 
is still the leading term of (|10.9|) after the PBW-decomposition. In particular f)10 . 9[) 
is not zero. 

If ip(m) < k then again by ad-identity (|2.9[) the element [u, [v, w~]\ splits in sums 

n—l 71—1 

(|10.7p , (|10.8[) with *~ Yl an( i an additional term that corresponds to the 

6=0(m)-l b=k 

value b = k — 1. Since ak-i 7^ 0, this term is proportional to 

(10.10) u ■ Ufc_i - p(u, vw~) Vk-i ■ u, 



where Vk~i — $^( s ) 1 (tp(m), k—l) was defined in (110. 6|) . We have already seen that 
p(u,vw~) = p(u,v k -i)q 2 . At the same time p(v k -i,u)p(u,v k ^ 1 ) = p k -ikPkk-i 
— q~ 2 , for PijPji = 1, j > see (|4.2j) . Hence p(u, Vk-i) q 2 = p(«fc_i, u) -1 . There- 
fore the term (|10.10[) is proportional to with coefficient —p(vk-i,u) . 
Taking into account formula (|6.9[) . we have 



(10.11) [Vk-uu] = [^ {s) - 1 (^(m),k-l),^ s (k,n)} =$ R (V(m),n), 

where R= (MS) - 1 n [ip(m),k- 1)) u(Sn [k, n)) . 

Certainly the map e~ ® e° ® id kills all terms of (|10.8[) with b > k, while Lemma 
$ s (fc, n), $?(fc, b) - $ s (l + b, n), b > k. Thus the left hand side of 



110.11 implies 
(110.41) is proportional to the sum 



(10.12) S^M, n) + a 'b $S ( X + 6 ' n ) ■ ^ (S)_1 (^(m), 6). 



b=fc 



This is a nonzero element precisely by the same reasons as (|10.9I) is. □ 

Proof of Theorem YJ .'2\ Suppose that there exists a pair of simple roots such that 
one of schemes (|7.H7.4D has fragment (|7.1[) and no one of these schemes has form 
(|7.7[) . Among all that pairs we choose a pair [k : m], [i : j\~ that has fragment 
(|7.ip with minimal possible s — t on one of the schemes. Actually, due to Lemma 
17.31 there are at least two of the schemes that have fragments with that minimal 
value of s — t. Without loss of generality, changing if necessary notations S <-> S* 
or T <H> T* or both, we may assume that the 5T-scheme has that fragment. Since 
s — t is minimal, there are no white- white or black-black columns between t and s. 
Hence due to Theorem 18. II we have 

(10.13) [$ s (l + 1, s), $ T (1 + 1, s)] ~ 1 - &i +t _>„ 
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provided that S or, equivalently, T is (1 + 1, s) -regular. 

Let, first, s < n. In this case by definition S is (1 + t, s)-regular, while due to 
Lemma RTHl we have $ s (fc,s) G U s (k,m) C U + , $ T (1 +t,s) G U s (i,j) C 
Hence we get 

(10.14) [$ s (fc, s), $ T (1 + t, a)] G [17+ U~] C {/. 
At the same time by Lemma 16.81 we have a decomposition 

(10.15) $ s (fc, s) - [$ s (fc, i), $ s (l + t, s)] . 
Lemma 12.21 implies 

(10.16) [$ s (fc,i),$ T (l +t,s)] = 0. 

Applying first p3]l . and then (pj~2"5|) with x 4 <- $ s (l + t,s), xT" <- $ T (1 +t,s) 
due to (I10.13[) we see that the left hand side of (|10.14[) is proportional to <J> s (fc,i), 
in which case the coefficient equals 1 — x 1 '"** (hi+t-ts) = 1 — fJ% = 1 — q 2 , see 
flUT)) , (gU). Thus $ s (fc,t) G 17 D £7+(so 2n +i) = that is, [fc : i] is an J7+-root. 
According to Lemma 16.111 we have [1+t : m] G E(?7 (fc, m)) C E(Z7 + ). This implies 
that t = fc — 1, for otherwise we have a contradiction: [fc : m] = [fc : t] + [1 + t : m] 
is a decomposition of a simple f7 + -root in E([/ + ). Similarly, due to the mirror 
symmetry, we have t = i — 1; that is, fc = i = 1 + 1. 

Now we are going to show that m = s. Equality t = k — 1 implies 

(10.17) [$ 5 (/c,m),$ T (fc,s)] G [J7 + ,ZJ-] C [7. 

Let s = n. In this case n is black on S 1 ; that is, S 1 is black (fc, m)-regular. We 
have e~ ® e° (8) id(f7) C [/+. Hence if m ^ s = n, Lemma [10.31 allows us to find 
in U + a nonzero element of degree [n + 1 : m}. In particular [n + 1 : m] G E(f/ + ). 
Hence [fc : m] = [k : n] + [1 + n : m] is a decomposition of a simple J7 + -root in 
E(t/ + ). A contradiction that implies m = n = s. 

Let, further, s < n. If S is white (fc, m)-regular, or if S is black (fc, m)-regular and 
ij}(s) — 1 is not white, then S is still (1 + s, m)-regular, while Lemma 16.91 provides 
a decomposition 

(10.18) $ s (fc, m) ~ [$ s (l + s, m), $ s (fc, s)] . 
Let us show that Theorem 19.51 implies 

(10.19) [$ s (l + s, m), $^(fc, s)] = 0. 

k) 

To see this we have to check that S™ +S T^- and <Sf+ s T^r\ -schemes are strong. The 
first one has just one complete column, hence it is both strongly white and strongly 
black. Suppose firstly that S is white (fc, m)-regular. Let us show that if s ^ n 
(even if s > n), then the Si+ a T^fj? ''-scheme is strongly white. 

If a is a black point on T^f^\ ip(s) < a < ip(k), then by definition p(a) = 
ip(a) — 1 is white on XJf . The inequalities fc < p(a) < s imply that the point p(a) is 
intermediate for the minimal fragment (|7.ip . recall that now t = k — 1. Therefore 
p{a) is black on S. Since S is white (fc, m)-regular, the point a = p(p(a)) is not black 
on S. If a = ip(k), then still a is not black on S, see ([6T6]> . Thus the S^_ S T*^- 
scheme has no intermediate complete black-black columns. 

Since s ^ n, we have ip(s) ^ 1 + s. Hence the first from the left column is 
incomplete. 
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If there are at least two complete columns, then to > ip( s )- In this case the first 
from the left complete column has the label a = ip(s) — 1 = p(s). Since s is black on 
S, and S is white (fc, m)-regular, the point p(s) is white on S. Thus the first from 
the left complete column is white-white one, and SY+ S T^T\ -scheme is strongly 
white. 

Similarly we shall show that if S is black (fc, m)-regular and ip( s ) — 1 is not white, 
s < n, then the 5J^- s Tj^ fe •'-scheme is strongly black. If a is a white point on T*^^ , 
4>(s) < a < tp{k), then by definition p(a) — il>(a) — 1 is black on TjJ, and hence it is 
white on S. Since S is black (fc, m)-regular, the point a — p(p(a)) is not white on 

S. Thus the S'J" hs Tj^ fe ' ) -scheme has no complete white-white columns (recall that 
now ip(s) — 1 is not white on S, hence the column ip(s) — 1 is not white- white) . 
The last column is incomplete, for ip(k) ^ to. 

If there are at least two complete columns; that is, m > ip(s), then the last 
complete column is labeled by to or by ip(k). In the former case ip{m) — 1 is black 
on S, see (|6.7|) . Hence, as an intermediate point for (|7.1j) . it is white on T. Therefore 
to = V#(m) - 1) - 1 is black on T*. It is still black on T*f^ , for m ^ tfj{s) - 1. 
In the latter case tp(k) is black on S, see (|6.8[) . Hence it is black on S^_ s too, for 
ip(k) s (recall that now k < s < n). Thus the ^j^T^j^ ''-scheme is strongly 
black. This completes the proof of (|10.19p . 

Now wc show how (|10.13[) with t = k - 1 and (|10.17flrOT9)) imply s = to. 
Applying first (|2.5j) , and then (|2.25|) due to (|10.13|) we see that the left hand side of 
(|10.17|) is proportional to $ s (l + s,m), in which case x 1+s ^ m (hk^s) = 3 1; 
with only one exception being s = n, see (|4. 91 14. 111) . Thus $ s (l + s,m) G U f) 
U£(sc>2n+i) = U + ; that is, [1 + s : m] is an J7 + -root. According to Lemma T6.1 II wc 
have [k : s] S S([/ s (k,m)) C S(/7 + ). This implies s = m, for otherwise we have a 
forbidden decomposition of a simple Z7 + -root, [k : to] = [fc : s] + [1 + s : to]. 

If S 1 is black (fc, TO)-regular and ^(s) — 1 is white on S 1 , then we may not use 
(|10.18|) . However in this case $ s (fc,n) g II s (k,m) C [7+, and certainly 5 is 
white (fc, n)-regular. Hence instead of (|10.18l) we may consider the decomposition 
$ s (fc, n) - [$ s (l + s, n),$ s (fc, s)] . while instead of (|10.19[> use [$ s (l + s, n), $^(fc, s)] = 
0, which is valid due to Lemma [2.21 Hence we get [1 + s : n] G E(C/ + ), for now 
s < n. This also provides a forbidden decomposition, [fc : m] = [fc : s] + [1 + s : n] 
+ [n + 1 : ?A( S ) ~ 1] + ["0( s ) : to ]j unless s — m. Here [n + 1 : ?A(s) — 1] = [1 + s : n], 
while [ip(s) : m] G S(C/ + ) due to Lemma [5. Ill 

Thus in all cases s — to. Due to the mirror symmetry we have also s — j; that is, 
the ST-scheme has the form (|7.7|) . This contradiction completes the case "s < n." 

Let, then, n < t. By Lemma 17731 the S'*T*-scheme also contains a fragment (17. 1[) 
with t V'(s) — 1, s <— t/}(t) — 1. Since n < t implies — 1 < n, one may apply 
already considered case to the S , *T*-scheme. 

Let, next, t < n < s. In this case the nth column, as an intermediate one, is 
either white-black or black-white. Since the color of the point n defines the color of 
regularity, S and T have different color of regularity. For the sake of definiteness, 
we assume that S is white (fc, m)-regular, while T is black {i, j)-regular (otherwise 
one may change the roles of S and T considering the mirror generators). 

If ij}(t) — 1 is a black point on the scheme S, then on the ST*-scheme we have a new 
fragment of the form (|7.1|) with t •<— n, s <— ip(t) — 1, for the color of pit) = ip(t) — 1 
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on the scheme T* is also black. Certainly ip(t) — 1 — n = n — t < s — t, for n < s; 
that is, we have found a lesser fragment. Hence ip(t) — 1 is not black on the scheme 
S. Lemma \Q . 1 21 implies $ s (l +t,s) £ U + , while Lemma T6. 61 shows that S is white 
(1 + t, ,s)-regular. In particular (jl0.13l) is valid. Moreover S U {t} is still white 
(k, m)-regular, hence we have decomposition (|6.9I) . In perfect analogy ^(s) — 1 is 
not white on the scheme T. Hence Lemma 16.131 implies $^(1 + t,s) £ U~ , and we 
have decomposition (|6. 10|) of 

By definition of a white regular set the point ip(k — 1) — 1 = ijj(k) is not black on 
the scheme S, see (|6.5[> . (|6.6[) . Hence Lemma IB. 121 implies $ s (fc, s) £ [/+. Therefore 
(|10.14l) is still valid. Lemma \6 . 81 implies decomposition (|10.15[) . for ip(t) — 1 is not 
black on the scheme S*. Let us show that Theorem 19.51 implies (|10.16|) . 

Indeed, the ££T* +t -scheme has just one complete column, hence it is strongly 
white (and of course it is strongly black too). Let us check the S^T^f^' 1 -scheme. 
If a is a black point on S^, k < a < t, then ip(a) — 1 is not black on S, for 
(o, ip(a) — 1) is a column of the shifted scheme of white (k, m)-regular set S. At the 
same time if ')p(s) < a < ip(t) — 1, then s > "0( a ) — 1 > t. In particular tp(a) — 1 
appears on the scheme S, and it is a white point on S. Further, ip(a) — 1 is an 
intermediate point on the minimal fragment (|7.ip . hence it is black on the scheme 
T. Therefore rp(ip(a) — 1) — 1 = a is a white point on T*. Since a ^ tp(t) — 1 yet, it is 
a white point on T*^^ 1 as well. Thus the S^T^^^-scheme has no intermediate 
complete black-black columns. 

Consider the last column, a — t. Since T is black (i, j)-regular, and (t, tp(t) — 1) 
is a column of the shifted T-scheme, the point ip(t) — 1 is not white on T. Therefore 
t = ip(t/j(t) - 1) - 1 is not black on T*. It is neither black on for t = ip(t) - 1 

implies t = n, while now t < n. 

Let 6 be a label of the first from the left complete column of the S^T^f^' 1 - 
scheme, b = max{fc — l,ijj(s) — 1}. In this case k — 1 ^ i/j{s) — 1, for ip(k) is not 
black on S, see ()6.6|) . In particular the first from the left column is incomplete. 

If k < ip(s), b — ip(s) ~ 1, then (b, s) is a column of the shifted iS-scheme. Hence 
b is white on S. It is still white on S^, for ip(s) — 1 is not white on T in particular 

b ^ t. Thus, the first from the left complete column on the Sj.T^fjf' 1 -scheme is 
white-white one. 

If k > ip(s), b = k — 1, then due to (|6.7j) the point ip(k) is white on S. We have 
t < n < ijj(k) < s; that is, i/j(k) is an intermediate point of the fragment (|7.ip . 
Hence ip{k) is black on T, while k — 1 = tp(ip(k)) — 1 is white on T*. Thus, the first 
from the left complete column on the S^T^^'^-scheme is still white-white one. 

This proves that S^T^f^ ^scheme is strongly white, and one may apply Theorem 
EH to see that (|10.16j) is valid. 

While considering the case "s < n" , we have seen how relations ()10.13lfT0.16j) 
with fi s k ' / 1 imply t — k — 1. Here /x^' ^ 1 according to (|4. 9114.11} . for t^n, and 
s, being a black point on S, is not equal to ip(k). Thus t = k — 1. 

Consider the T*S'*-scheme that corresponds to the mirror generators. This 
scheme contains a fragment (|7.1|) with t <— ip(s) — 1, s <— ip(t) — 1. In this case T* 
is white (ip(J), ^>(j'))-regular. Therefore we may apply already proved "i = fc — 1" 
to that situation. We get ^(s) — 1 = — 1; that is, j = s. 
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Further, relations (|10.17[) and (|10.18|> are valid. While considering the case 
"s < n", we have seen that if t = k — 1, then the S^ s T*f ^ -scheme is strongly 
white even if s > n. Hence Theorem l9.5l implies (|10.19p . At the same time we know 
that relations (| 1 . 1 7ffT07T9|) imply s = m. 

Applying this result to the T*5'*-scheme that corresponds to the mirror genera- 
tors we have ij)(k) = that is k = i = t — 1, m = j = s. Thus, iST-scheme has 
the form (17.71) . This contradiction completes the proof. 
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